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We compute the rotations, during a scattering encounter, of the spins of two gravitationally
interacting particles at second-order in the gravitational constant (second post-Minkowskian order).
Following a strategy introduced in Phys. Rev. D 96, 104038 (2017), we transcribe our result into
a correspondingly improved knowledge of the spin-orbit sector of the Effective One-Body (EOB)
Hamiltonian description of the dynamics of spinning binary systems. We indicate ways of resumming
our results for defining improved versions of spinning EOB codes which might help in providing a
better analytical description of the dynamics of coalescing spinning binary black holes.
I. INTRODUCTION
The Effective One-Body (EOB) formalism [1–4] is a
theoretical framework which yields a resummed analyti-
cal description of the gravitational dynamics of two spin-
ning bodies. It can be essentially thought as mapping the
dynamics (in the center-of-mass frame) of two bodies, of
masses m1,m2 and spins S1, S2, onto a Hamiltonian de-
scription of the motion of a single body, of mass
µ ≡ m1m2
m1 +m2
(1.1)
and (suitably rescaled) spin
S∗ ≡ m2
m1
S1 +
m1
m2
S2, (1.2)
moving (modulo some higher-in-momenta corrections,
and modified spin-orbit effects) in an effective metric that
is a deformed version of a Kerr metric of mass
M ≡ m1 +m2, (1.3)
and spin S0 = S+ S∗, where
S ≡ S1 + S2 . (1.4)
The key deformation parameter entering EOB theory is
the symmetric mass ratio
ν ≡ µ
M
=
m1m2
(m1 +m2)2
. (1.5)
Since its introduction about twenty years ago [1–4] the
EOB approach has been continuously improved by incor-
porating new relevant results obtained through various
formalisms, such as Post-Newtonian (PN) theory, Nu-
merical Relativity (NR), Gravitational Self-Force (GSF)
theory, and, more recently Post-Minkowskian (PM) the-
ory, and even Quantum Scattering Amplitudes. The
EOB formalism has been the basis of the computation
of many of the gravitational wave templates [5, 6] which
have been used in the data analysis of the gravitational
wave signals detected by the LIGO and Virgo interfer-
ometers [7–10].
From the practical point of view, the EOB Hamilto-
nian is made of several building blocks involving various
coupling functions or “potentials.” The EOB potentials
were initially computed in PN-expanded form, i.e. as
power series in the inverse of the speed of light, 1c . This
PN-expanded approach has, however, several limitations.
It, indeed, becomes inaccurate in two regimes that are
relevant for theoretically describing present and future
gravitational-wave observations, namely: (i) when two
bodies of comparable masses become very close to each
other, and also, (ii) when a small body moves on a high-
energy orbit around a large one. The first limitation has
been tamed by a combination of analytical resummation
methods [3, 11] and of strong-field improvements of the
EOB potentials by best fitting them to the results of a
few NR simulations [12–14]. The second limitation has
been shown to give rise to power-law singularities, at a
finite radius corresponding to the light-ring, in the small-
ν expansion of the EOB potentials (as they are usually
defined) [15].
The latter (light-ring related) limitation was, however,
shown to be due to the combined use of a GSF expan-
sion in powers of ν, Eq. (1.5), and of a special choice
of coordinates in phase-space. By using another way of
fixing the phase-space coordinates, and by using the ex-
act dependence of the resulting EOB potentials on ν, one
can avoid the presence of a singularity at the light ring
[15, 16]. In order to reach such a conclusion, it was neces-
sary to use a Post-Minkowskian (PM) approach to EOB
theory [17], i.e. an expansion in powers of the gravita-
tional constant G, without using an expansion in 1c (i.e.
without making any slow-motion assumption).
After its introduction in Ref. [17], the PM approach to
EOB theory was extended to spin coupling effects in Ref.
[18]. The spin-orbit contribution to the EOB effective
Hamiltonian is parametrized by two gyrogravitomagnetic
ratios, gS and gS∗ :
Heff =
√
A
(
µ2 +P2 +
(
1
B
− 1
)
P 2R +Q
)
+
G
R3
(gS L · S+ gS∗ L · S∗) , (1.6)
2where S and S∗ have been defined in Eqs. (1.4), (1.2),
above, and where L denotes the EOB orbital angular
momentum
L = R×P . (1.7)
Here, and below, we use standard vectorial notation for
various EOB vectorlike objects.
The values of gS and gS∗ have been computed in Ref.
[18] at the first post-Minkowskian (1PM) order (i.e., first-
order inG but all orders in v/c). [In view of the factoriza-
tion of one power of G in the definition of the spin-orbit
contribution to Eq. (1.6), this meant computing gS and
gS∗ as exact functions of the energy, at zeroth order in
the gravitational potential u ≡ GM/(c2R).] For similar
PM results for nonlinear effects in the spins, see Ref. [19].
As explained in Ref. [18], the PM computation of spin-
orbit couplings is achieved by considering the spatial ro-
tations of the spin vectors of the two gravitationally in-
teracting bodies during the full scattering process of an
hyperboliclike encounter. The latter spatial rotations are
the spin analogs of the orbital scattering angle, and are
measured by the “spin holonomy” [18], whose definition
is recalled below.
The aim of the present paper is to extend the accuracy
of the computation of the spin holonomy to the second
post-Minkowskian (2PM) level, and to deduce from it the
2PM-accurate values of the two EOB gyrogravitomag-
netic couplings, i.e.
gS = g
1PM
S (Heff) + g
2PM
S (Heff)u+O(u
2) ,
gS∗ = g1PMS∗ (Heff) + g
2PM
S∗ (Heff)u+O(u
2) , (1.8)
where we recall that u ≡ GM/(c2R) = O(G). Our 2PM-
level computation will make a crucial use of the 2PM-
accurate explicit analytic computation of the metric gen-
erated by two (non-spinning) bodies done long ago by
Bel et al. [20].
We use a mostly plus spacetime signature, and will
often use units where c = 1. The spin four-vectors of the
two bodies are denoted by s1 and s2. The latter four-
vectors are (when working, as we do, linearly in spins)
orthogonal to the worldlines of the bodies. The EOB
spin three-vectors S1, S2 boatin obtained by boosting
s1 and s2 to the center-of-mass frame. [Viewed in the
asymptotically flat spacetime the boosting of the four-
vectors s1 and s2 defines corresponding spacetime four-
vectors S1 and S2, whose (only non vanishing) spatial
components define the EOB spin vectors S1 and S2.]
II. SCATTERING HOLONOMY
We consider the gravitational scattering of two mas-
sive and spinning bodies at linear order in spin. At
this order, we can compute the spin holonomy sim-
ply from the knowledge of the metric g(m1,m2) =
gµνdx
µ⊗ dxν generated by two non spinning masses m1,
m2. In addition, we can neglect the spin-curvature force
present in the Mathisson-Papapetrou-Dixon equations,
i.e. consider that each spin vector is parallely propa-
gated in gµν(m1,m2). The explicit value of the metric
gµν(m1,m2) generated by the energy-momentum tensor
associated with the two masses m1, m2 has been explic-
itly computed at the 2PM level of approximation in Ref.
[20]. [We shall not use here the less explicit 2PM-level
formulation of the 2PM-accurate metric in Ref. [21].]
The worldline of body 1 (mass m1 and spin s1) is L1
with g-normalized timelike, future-pointing, tangent vec-
tor u1 (u1 ·g u1 ≡ gαβuα1uβ1 = −1) and linear momentum
p1 = m1u1 (p1 ·g p1 = −m21). The four-velocity u1 satis-
fies the geodesic equation
Dgu1
dτg1
= 0 , (2.1)
where τg1 is the proper-time parametrization for L1 and
Dg is the covariant derivative along u1, both associated
with the metric g. The spin vector s1 is constrained by
the condition of being orthogonal to the linear momen-
tum p1
s1 ·g p1 = 0 , (2.2)
and evolves along L1 by parallel transport
Dgs1
dτg1
= 0 . (2.3)
As a consequence, the magnitude of s1 is conserved, and
the orthogonality condition (2.2) is preserved. Corre-
sponding equivalent statements can be done for u2 and
s2 and their evolution along L2.
Using abstract notation and differential forms, the
transport equations can be recast as
Dgu1 = 0 = Dgs1 . (2.4)
Here
Dg = d+ ω1 , (2.5)
where d denotes the ordinary differential operation along
L1 while ω1 denotes the evaluation along L1 of the Levi-
Civita connection one-form, ω. In a coordinate frame the
connection one-form acting on contravariant four-vectors
is given by
ωµν = Γ
µ
νλ dx
λ , (2.6)
where
Γµνλ =
1
2
gµσ (∂νgλσ + ∂λgνσ − ∂σgνλ) . (2.7)
When dealing, as we do here, with the metric gener-
ated by point masses, the metric and the connection are
singular when evaluated on the worldlines. We will use
their regularized values, as explicitly discussed and com-
puted in Ref. [20].
3Let us briefly recall the two basic concepts of scatter-
ing holonomy and spin holonomy, introduced in Ref. [18].
First, the scattering holonomy along the worldline L1 is
the linear operator Λ1 of integrated parallel-transport,
acting on contravariant vectors. The integration along
L1 is performed from the infinite past (i.e., before the in-
teraction, where the spacetime is assumed to be flat) to
the infinite future (i.e., after the interaction where again
the spacetime is assumed to be flat, since we are studying
here an isolated system). The two asymptotic Minkowski
flat spacetimes are (at this order) unambiguously identi-
fied among them, so that Λ1 = Λ
µ
1 ν is simply a Lorentz
matrix (preserving the Poincare´-Minkowski metric ηµν).
The solution of the evolution equation of a parallely
transported vector v
dv = −ω1 v (2.8)
can be iteratively solved as
vµ(τ) = vµ(−∞)−
∫ τ
−∞
ωµ1 ν(τ)v
ν (τ)
= vµ(−∞)−
∫ τ
−∞
ωµ1 ν(τ) [v
ν(−∞)
−
∫ τ
−∞
ων1σ(τ
′)vσ(τ ′)
]
+ . . . (2.9)
so that when τ → +∞ we find
vµ+ = Λ
µ
1 νv
ν
− , (2.10)
where vµ(±∞) = vµ±. The scattering holonomy operator
Λ1 is therefore given by
Λ1 = TL1 [e
− ∫ ω1 ]
= I −
∫ +∞
−∞
ω1 +
1
2
∫ +∞
−∞
∫ +∞
−∞
T [ω1ω
′
1] + . . . .(2.11)
with TL1 denoting Dyson’s time-ordered product [22]
along the worldline L1. The T -ordered integral is such
that
1
2
∫∫
TL1 [ω1ω
′
1]
µ
ν =
∫ +∞
−∞
ωµ1 σ(τ)
∫ τ
−∞
ω1
σ
ν(τ
′) .
(2.12)
[Note that in our differential-form formulation, ωµ1 ν(τ) =
Ωµ1 ν(τ)dτ , the integration does not depend on the choice
of any specific parametrization τ along the worldline.]
The scattering holonomy map Λ1 is then a linear map
relating the asymptotic states u−1 , s
−
1 and u
+
1 , s
+
1 :
u+1 = Λ1u
−
1 ; s
+
1 = Λ1s
−
1 . (2.13)
The linear map Λ1 contains information both about
the orbital scattering angle, and the spin-rotation angle,
of the first particle. Some extra operation is needed to
extract the spin rotation of direct interest for comput-
ing the EOB spin-orbit coupling entering the effective
EOB Hamiltonian (1.6). What is needed is an opera-
tion transforming the covariant spin four-vectors s1, s2
into objects directly related to the spatial, canonical spin
three-vectors S1,S2 that enter any Hamiltonian dynam-
ics, like the EOB dynamics. As discussed in Ref. [18], S1
and S2 can be identified with the four-vectors S1, S2 de-
fined by boosting s1 and s2, respectively, from their own
local rest spaces (s1 is orthogonal to u1 and s2 is orthog-
onal to u2) onto the local three-space defined by a global
field of (future-directed) unit time-vectors U = Uµeµ (eµ
denoting here a coordinate frame) orthogonal to the time-
slicing used to describe the full spacetime generated by
the two particles. In a scattering problem, this global
field only enters through its asymptotic values at ±∞,
U = Uas. The corresponding asymptotic values of the
spin vector S1 are then given by
S+1 = Bη(u
+
1→Uas) s+1
S−1 = Bη(u
−
1→Uas) s−1 , (2.14)
with η being the Minkowski metric at ±∞. Here, the
linear map Bη(u→v) is the Lorentz boost matrix trans-
forming the four-vector u into the four-vector v. The
explicit expression of the Lorentz matrix [Bη(u→ v)]µ ν
is (see, e.g., [18])
[Bη(u→ v)]µ ν = δµν
+
1
1− u · v [u
µuν + v
µvν + u
µvν − (1− 2u · v)vµuν ] .
(2.15)
Here the scalar product with respect to the flat metric η,
i.e., “·η,” is simply denoted as “·” to ease the notation.
In the following, we will work, as is standard in EOB
theory, in the center-of-mass (c.m.) frame of the binary
system, i.e. we will take for Uas the following unit time-
like, asymptotic four-vector
Uas =
[
p1 + p2
Ereal
]+
=
[
p1 + p2
Ereal
]−
, (2.16)
where, in the conservative dynamics we are considering,
the asymptotic values at ±∞ of the total four-momenta
(p1 + p2)
± coincide. Here, Ereal denotes the total energy
of the binary system (including the rest-mass energy) in
the c.m. frame, which is precisely defined as being the
(Minkowski) norm of the asymptotic value of p1 + p2:
s = E2real = −(p+1 + p+2 )2 = −(p−1 + p−2 )2 . (2.17)
In Eq. (2.17) we used the traditional notation s for the
first Mandelstam variable.
By combining Eqs. (2.13)-(2.14) above, we obtain the
linear map between the two asymptotic values (at ±∞)
of the spatial spin vector of the first particle, namely
S+1 = R1 S
−
1 , (2.18)
where
R1 ≡ Bη(u+1→Uas) Λ1
[
Bη(u
−
1→Uas)
]−1
= Bη(u
+
1→Uas) Λ1Bη(Uas→u−1 ) , (2.19)
4with an analogous result for R2.
The linear operator R1 is easily seen to leave U
as in-
variant: R1U
as = Uas. In addition, as all the linear
maps involved in Eq. (2.19) preserve the (Minkowski)
length, and as R1 transforms S
−
1 into S
+
1 (both spin
vectors living in the three-space orthogonal to Uas), we
conclude that the linear map R1, which we shall call
the spin holonomy of L1, is an SO(3) rotation acting
within the three-space orthogonal to Uas (in the asymp-
totic Minkowski space).
We can express the spin holonomy, Eqs. (2.19), en-
tirely in terms of the incoming asymptotic values by re-
placing u+1 by Λ1u
−
1 , so that
R1 = Bη(Λ1u
−
1→Uas) Λ1
[
Bη(u
−
1→Uas)
]−1
. (2.20)
III. EVALUATION OF THE SPIN HOLONOMY
In order to proceed with the evaluation of the spin
holonomy R1, it is convenient to fix a coordinate system
as well as an explicit representation of the asymptotic
vectors u1 and u2 at past infinity: u
−
1 and u
−
2 . We as-
sume that the scattering process is confined to the x− y
plane of a Lorentzian coordinate system xα = (t, x, y, z)
and that, with respect to this coordinate system, the par-
ticle 1 at past infinity is at rest, while the particle 2 moves
along the negative y direction (so that the angular mo-
mentum of the system is aligned with the positive z axis).
[In the following, we will generally use greek indices from
the beginning of the alphabet to denote indices pertain-
ing to the special coordinate system xα attached to the
incoming state of particle 1.] Denoting the corresponding
coordinate frame ∂/∂xα as eα = {et, ex, ey, ez} the two
incoming four-velocities read
u−1 = et , u
−
2 = γet −
√
γ2 − 1ey . (3.1)
Here, γ denotes the relative Lorentz γ factor between the
incoming particles, i.e.
γ ≡ −u−1 · u−2 . (3.2)
It will play an important role in all our computations.
The four-velocity, Uas, of the c.m. frame then reads
Uas =
m1
Erealu
−
1 +
m2
Erealu
−
2 = coshαet − sinhαey , (3.3)
where we have introduced the rapidity parameter α of
the boost between the incoming rest frame of particle 1
and the c.m. frame:
sinhα =
m2
√
γ2 − 1
Ereal , coshα =
m1 +m2γ
Ereal . (3.4)
As stated above, in the scattering process Uas = U−as =
U+as is conserved. Equivalently the total linear four-
momentum is conserved,
Ptot = p
−
1 + p
−
2 = p
+
1 + p
+
2 . (3.5)
Let us also introduce a coordinate frame eαˆ =
{etˆ, exˆ, eyˆ, ezˆ} attached to the center-of-mass frame, with
basis vectors
etˆ = U
as , exˆ = ex ,
eyˆ = − sinhαet + coshαey , ezˆ = ez . (3.6)
In this c.m. frame, only the direction of the spatial linear
momentum of each particle is changed from e−yˆ = eyˆ to,
say, e+yˆ . We can then write
p−1 = E1etˆ + p e−yˆ , p+1 = E1etˆ + p e+yˆ (3.7)
where p denotes the magnitude of the three-momentum
in the c.m. frame (which is, by definition, common to
both particles)
E1 =
√
m21 + p
2 = m1 coshα ,
E1 + E2 = Ereal , p = m1 sinhα . (3.8)
We recall that E1 denotes the c.m. energy of the first
particle. The change in the direction of the c.m. three-
momentum is measured by the c.m. scattering angle χ.
Namely, χ is the angle of rotation between e−yˆ and e
+
yˆ , so
that
e+yˆ · e−yˆ = cosχ . (3.9)
In addition, χ enters the second Mandelstam variable
t = −(p+1 − p−1 )2 (measuring the invariant momentum
transfer),
√−t = 2p sin χ
2
. (3.10)
Using the definitions above, it is easily checked that
u+1 = coshα[coshαet − sinhαey]
+ sinhα[sinχex + cosχ(− sinhαet + coshαey)] ,
(3.11)
so that the coordinate components Λα(1)0 of Λ1 in our spe-
cial (particle-1-related) coordinate system, which must
satisfy
u+1
α = Λα(1)βu
−
1
β = Λα(1)0 , (3.12)
are explicitly given by
Λ0(1)0 = 1 + sinh
2 α(1 − cosχ)
Λ1(1)0 = sinhα sinχ
Λ2(1)0 = − sinhα coshα(1 − cosχ)
Λ3(1)0 = 0 . (3.13)
We can then use Eq. (2.20), written in its inverse form,
i.e.,
Λ1 =
[
Bη(Λ1u
−
1→Uas)
]−1
R1Bη(u
−
1→Uas) , (3.14)
5to evaluate the remaining components of the matrix Λ1.
Indeed, we know that the components of the rotation
matrix R1 in the center-of-mass frame (indicated with
hatted greek indices) read simply
R1
αˆ
βˆ =


1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1

 . (3.15)
Translating this back to our special coordinate frame eα
one finds
R1
α
β =


cos θ + (cosh2 α− 1)(1− cos θ) sin θ sinhα coshα sinhα(1 − cos θ) 0
sin θ sinhα cos θ sin θ coshα 0
− coshα sinhα(1 − cos θ) − sin θ coshα − cosh2 α(1 − cos θ) + 1 0
0 0 0 1

 . (3.16)
Similarly, using for instance Eq. (2.15), one can determine the coordinate components of the boost matrices Bη(u
−
1 →
Uas) and Bη(U
as → u+1 ) , namely
Bη(u
−
1 → Uas)αβ =


coshα 0 − sinhα 0
0 1 0 0
− sinhα 0 coshα 0
0 0 0 1

 , Bη(Uas → u−1 )αβ =


coshα 0 sinhα 0
0 1 0 0
sinhα 0 coshα 0
0 0 0 1

 , (3.17)
and,
Bη(U
as → u+1 )αβ =


C2s2(C − 1) + (1− s2)C + s2 −Ss(Cc+ C − c) S(s2C2 − s2C − c) 0
Ss(Cc− C − c) s2C + 1− s2 S2s (−1+Cc−C)(1+C) 0
−S(s2C2 − s2C + c) S2s (1+Cc+C)(1+C) −C(s2C2 − s2C − 1) 0
0 0 0 1

 , (3.18)
where we shortened the notation as
[s, c, S, C] = [sinχ, cosχ, sinhα, coshα] . (3.19)
Using Eq. (3.14), we can then determine the remaining
nonvanishing components of the matrix Λ (in our special
coordinate frame) as being given by
Λ0(1)0 = −cC2 + c+ C2
Λ0(1)1 = −Ss(−c− C + Cc) cos θ
+S(−1 + c)(Cc− c− 1) sin θ
Λ0(1)2 = −S(−1 + c)(Cc− c− 1) cos θ
−Ss(−c− C + Cc) sin θ
Λ1(1)0 = Ss
(3.20)
Λ1(1)1 = (−Cc2 + C + c2) cos θ
−cs(C − 1) sin θ
Λ1(1)2 = cs(C − 1) cos θ
+(−Cc2 + C + c2) sin θ
Λ2(1)0 = C(−1 + c)S
Λ2(1)1 = (C − 1)s(−C + Cc− 1) cos θ
+(−c− C + cC2 + Cc2 − C2c2) sin θ
Λ2(1)2 = (C
2c2 − cC2 − Cc2 + c+ C) cos θ
+(C − 1)s(−C + Cc− 1) sin θ . (3.21)
The most useful component for our computations be-
low will be Λ1(1)2 = Λ
x
(1)y. Actually, as we will evalu-
ate this component to the 2PM accuracy only, we can
use a simplified, 2PM-accurate, form of this expres-
sion. Indeed, it is easily checked that if one knows χ
and θ to their 2PM-expanded accuracy: χ = χexp =
Gχ1+G
2χ2+O(G
3) and θ = θexp = Gθ1+G
2θ2+O(G
3),
we have the sufficiently accurate simplified expression
Λ1(1)2 = θexp + (coshα− 1)χexp +O(G3) . (3.22)
The list of all components in expanded form follows be-
6low:
Λ0(1)0 ≈ 1 +
1
2
(cosh2 α− 1)χ21G2
Λ0(1)1 ≈ sinhαχexp
Λ0(1)2 ≈ − sinhα
[(
1− 1
2
coshα
)
χ21 − θ1χ1
]
G2
Λ1(1)0 ≈ sinhαχexp
Λ1(1)1 ≈ 1 +
[
(1− coshα)(χ1θ1 − χ21)−
1
2
θ21
]
G2
Λ1(1)2 ≈ θexp − (1− coshα)χexp
Λ2(1)0 ≈ −
1
2
sinhα coshαχ21G
2
Λ2(1)1 ≈ −θexp + (1 − coshα)χexp
Λ2(1)2 ≈ 1 +
[
−1
2
(1 + cosh2 α)χ21
+χ1θ1(1− coshα) − 1
2
χ21 −
1
2
θ21
]
G2 .(3.23)
As we see, the only components giving 2PM access to
the spin rotation angle θ = θexp are Λ
1
(1)2 and Λ
2
(1)1. In
the next sections we will show how to compute the 2PM-
accurate value of Λ1(1)2 (in our special frame). This will
allow us to compute the 2PM-accurate value of the spin
holonomy rotation angle θ.
IV. THE TWO-BODY METRIC AT THE 2PM
ORDER
As explained above, to compute the spin holonomy
one needs to evaluate the connection one-form associ-
ated with the metric gµν(m1,m2) generated by the two
bodies (along the worldline of one of the two bodies, say
the body 1). The 2PM-accurate value of gµν(m1,m2)
has been explicitly derived (and regularized) long ago
in Ref. [20]. In any given Lorentzian coordinate sys-
tem xµ, with associated Minkowski flat metric ηµν =
diag[−1,+1,+1,+1], the solution is conveniently writ-
ten in terms of the “gothic metric” gµν(x) (see Eq. (93)
of Ref. [20])
g
µν(x) =
√
−g(x)gµν(x) ≡ ηµν + hµν(x) . (4.1)
Note that hµν(x) denotes the gothic perturbation of the
metric, which differs (but is one-to-one) related to the
usual metric perturbation hµν(x), defined by writing
gµν(x) = ηµν + hµν(x) . (4.2)
The 2PM solution for the metric of the two-body system
found in Ref. [20] is explicitly expressed in terms of the
four-velocities of the bodies, u1 and u2, and their masses.
The spacetime dependence of hµν(x) goes through the
evaluation of retarded time effects. In addition, one
should consider only the part of the metric (and the con-
nection) which is “regular” in the vicinity of the world-
line of one of the two bodies. This regular part involves
both conservative and radiation-reaction effects. We will
see that radiation-reaction effects do not contribute to θ,
so that our computation based on the retarded solution
given in Ref. [20] will give the conservative 2PM value of
θ.
Following Ref. [20], one can write
h
µν = Gm1h
µν
m1 +Gm2h
µν
m2
+ G2m21h
µν
m2
1
+G2m1m2h
µν
m1m2 +G
2m22h
µν
m2
2
=
∑
n
h
µν
n . (4.3)
Each one of these terms was given in [20] by an ex-
plicit expression involving either the simply-retarded
four-velocities of the two bodies, or some doubly-retarded
quantities (involving two successive retarded propaga-
tions), or (for the most nonlinear terms) the explicit re-
sult of a complicated integration involving the cubic ver-
tex of Einstein’s action (“P -terms”). We follow the no-
tation and conventions of Ref. [20], apart from the fact
that, to follow our previous 1PM work, we shall often use
labels 1 and 2 to respectively denote the two masses, by
contrast to the unprimed and primed notations used in
Ref. [20], where the masses were denoted m and m′, and
the corresponding four-velocities u and u′, etc.
The main steps necessary to perform the spin holon-
omy computation are listed below. We recall that our
computations will finally be done in a special coordinate
frame, see Eq. (3.1), linked to the incoming state of the
first particle. We will evaluate the specific component
Λ1(1)2 = Λ
x
(1)y of the scattering holonomy in that special
frame.
A. 1PM-accurate orbits of the two bodies
The solution for u1(τ1) and u2(τ2) parametrized by
their (Minkowski) proper times τ1 and τ2 is obtained by
solving the geodesic equations of the 2PM metric. [As
it is customary in PM computations, we use flat space
normalization of vectors, “·η”, and flat space proper time
definitions.] The 2PM equations of motion are explicitly
given in Ref. [20] (see Eqs. (111) there). Here, we will
only need their solution at the 1PM order of accuracy.
Obtaining this solution is straightforward and leads (in
an arbitrary frame) to
uµ1 (τ1) = u
−
1
µ +Gm2
(1− 2γ2)S(τ1)√
γ2 − 1D(τ1)
eµx
−Gm2 γ(2γ
2 − 3)√
γ2 − 1D(τ1)
eµy , (4.4)
7and
zµ(τ1)− zµ1 (0) = u−1 µτ1 +Gm2(1− 2γ2)
(S(τ1)− 1)
(γ2 − 1) e
µ
x
− Gm2 γ(2γ
2 − 3)
γ2 − 1 ln (S(τ1)) e
µ
y . (4.5)
Here we have introduced the functions D(τ) and S(τ)
defined by
D(τ) ≡
√
b20 + τ
2(γ2 − 1) , D(0) = b0 , (4.6)
and
S(τ) ≡ 1
b0
(
τ
√
γ2 − 1 +D(τ)
)
, S(0) = 1 . (4.7)
Note that S(τ)S(−τ) = 1.
Similarly, the unit tangent vector to the worldline of
body 2 is given by
u2
µ(τ2) = u
−
2
µ −Gm1 (1− 2γ
2)S(τ2)√
γ2 − 1D(τ2)
eµx
+ Gm1
γ(2γ2 − 3)
(γ2 − 1)D(τ2)v
′µ , (4.8)
and the worldline
z2
µ(τ2)− z2µ(0) = u−2 µτ2 −Gm1(1− 2γ2)
(S(τ2)− 1)
(γ2 − 1) e
µ
x
+ Gm1
γ(2γ2 − 3)
(γ2 − 1)3/2 ln (S(τ2)) v
′µ . (4.9)
Here the four-vector v′ is defined as (where P (u) = η +
u⊗ u denotes the projector orthogonal to u)
v′ ≡ P (u−2 )u−1 = −(γ2 − 1)et + γ
√
γ2 − 1ey . (4.10)
It is the 1↔ 2 analog of the four-vector v ≡ P (u−1 )u−2 =
−
√
γ2 − 1ey. In the solutions above, we have fixed initial
conditions at τ = 0 so that
z1(0) = b0ex , z2(0) = 0 . (4.11)
Note that the intrinsic definition of the vector b0ex is
such that z1(τ1) − z2(τ2) = b0ex when τ1 = τ2 = 0,
which corresponds to connecting the two 1PM-accurate
worldlines by a bi-podal line orthogonal to both world-
lines. The parameter b0 (which is a relativistically de-
fined 1PM-accurate closest distance of approach) differs
by an O(G) term from the usually defined c.m. impact
parameter b (defined by the condition that the c.m. an-
gular momentum L is equal to L = b p, where p is the
c.m. three-momentum). We derive in Appendix D the
following relation between b and b0:
b = b0 +G(m+m
′)
(2γ2 − 1)
γ2 − 1 +O(G
2) . (4.12)
This relation will be crucial for relating our computation
to EOB theory.
Having in hands such explicit expressions for the
(1PM-accurate) worldlines allows one to explicitly com-
pute the needed retarded times, and associated retarded
quantities, entering the 2PM metric. Indeed, given a
generic spacetime point x one can first define the inter-
section of the past light cone from x with the first world-
line L1. This defines a point zR1 (x) on L1, corresponding
to a value τR1 (x) of the proper time. The null condition
(x− z1(τR1 ))2 = 0 , (4.13)
defines the functional link τR1 = τ
R
1 (x) etc. Then, from
the point z1(τ
R
1 ) on L1 one can draw a second past light
cone which intersects the worldline L2 of body 2 at the
doubly retarded point zRR2 = z2(τ
RR
2 (x)). One can de-
termine this doubly-retarded point on L2 by using the
null condition
(z1(τ
R
1 )− z2(τRR2 ))2 = 0 , (4.14)
thereby obtaining τRR2 as a function of τ
R
1 (x) and hence
as a function of the spacetime point x itself.
B. Regular terms in the 2PM metric, and its
derivative
Let us henceforth consider the explicit evaluation of
2PM metric (and its derivative) in the special frame
where we shall perform our computation of the scatter-
ing holonomy Λ1 (hence our use of greek indices from
the beginning of the alphabet). We recall that, in order
to compute Λ1, we must evaluate the regularized value
of the metric, and of the Levi-Civita connection, along
the first worldline L1. For detailed discussions of regu-
larization within a PM framework see, e.g., Refs [23] and
[20].
At first order in G, we have the following contributions
to the 2PM metric (4.17):
Gm1h
αβ
m1 = −4Gm1
(
uα1u
β
1
r1
)
R
Gm2h
αβ
m2 = −4Gm2
(
uα2u
β
2
r2
)
R
, (4.15)
where
r1 = −(x− z1(τ1)) · u1(τ1)
r2 = −(x− z2(τ2)) · u2(τ2) , (4.16)
with the label R denoting the evaluation at the retarded
time τR1 (x) etc. Going to the worldline of body 1 the term
Gm1h
αβ
m1 is singular. However, Gm1h
αβ
m1 also contains a
regular part. Using, e.g., Ref. [23] for the evaluation
of this regular part, and of its derivatives, one can ex-
plicitly check that the regular part of Gm1h
αβ
m1 does not
8contribute to our computation. The second contribution,
Gm2h
αβ
m2 is purely regular on the worldline L1. We must
keep in mind that, in view of the 1PM-accurate defini-
tion of the retarded propertime τ2(x), it will contribute
(when PM-expanded) both at order G and at order G2.
At the second order in G, we have both “square” terms
G2m21h
αβ
m2
1
= −G2m21
(
7uα1u
β
1 + n
α
1n
β
1
r21
)
R
G2m22h
αβ
m2
2
= −G2m22
(
7uα2u
β
2 + n
α
2n
β
2
r22
)
R
, (4.17)
where
n1R(x) =
P (u1R)(x− zR1 )
r1R
n2R(x) =
P (u2R)(x− zR2 )
r2R
, (4.18)
and “mixed” terms proportional to G2m1m2h
αβ
m1m2 . We
again find that the singular contribution G2m21h
αβ
m2
1
does
not contribute to our calculation.
Finally among the “mixed” terms we distinguish three
different contributions:
G2m1m2hm1m2
αβ = G2m1m2h
1/(rρ)
m1m2
αβ
+G2m1m2h
1/(r′ρ′)
m1m2
αβ
+G2m1m2h
P
m1m2
αβ , (4.19)
with
G2m1m2h
1/(rρ)
m1m2
αβ = −4G2m1m2(1 + 2γ2)
(
uα1u
β
1
r1ρ1
)
R
G2m1m2h
1/(r′ρ′)
m1m2
αβ = −4G2m1m2(1 + 2γ2)
(
uα2u
β
2
r2ρ2
)
R
(4.20)
where
ρ1R = −(zR1 − zRR2 ) · u2R
ρ2R = −(zR2 − zRR1 ) · u1R . (4.21)
Again, of these two terms the first one (involving r1) is
singular and can be discarded in our calculation. Finally
the last “P”-term, G2m1m2h
P
m1m2
αβ can be written as
G2m1m2h
P
m1m2
αβ = G2m1m2[M
αβ
1 ρσD
ρP σ
+Mαβ2 ρσD
′ρP ′σ
+Nαβ1 ρσD
′σP ρ
+Nαβ2 ρσD
σP ′ρ]R , (4.22)
where
Mαβ1 ρσ = −16uα1uβ1u2ρu2σ
Nαβ1 ρσ = 8(2u
α
1u2
β − γηαβ)u2ρu1σ
+[−16γuα1u2β − 2ηαβ(2γ2 − 1)]ηρσ
+16γu2
αu1σδ
β
ρ + 16γu2
βu1σδ
α
ρ
+4(2γ2 − 1)δαρ δβσ , (4.23)
and where the derivative D and D′ are “worldline”
derivatives, defined in Eq. (29) of Ref. [20]. Essen-
tially, hµDµ (acting on some functional of the two world-
lines, and a function of some given spacetime point x)
denotes the geometric operation consisting in infinitesi-
mally translating (as a whole) the first worldline L1 by
the vectorial amount hµ. In view of the overall transla-
tion invariance of our problem, the combined derivative
∂µ+Dµ+D
′
µ yields a vanishing result on any functional
entering our problem. We note also that when Dµ acts
on a functional defined (with sufficient accuracy) from
straight worldlines (as is the case for Pµ and P
′
µ), the
longitudinal derivatives uµDµ and u
′µD′µ yield vanishing
results.
The four-vectors Pµ and P
′
µ entering the definition of
h
P
m1m2
αβ (which were one of the crucial new results of
Ref. [20]) are defined by nontrivial integrals (involving
the cubically nonlinear gravitational vertex), and were
explicitly computed in Ref. [20] (see Appendix C there).
In addition, Appendix C there also gave all needed ex-
plicit formulas for evaluating the regularized values of Pµ
and P ′µ, and their first derivatives, on the worldlines. See
Eqs. (C21)-(C42) there.
As an example of the explicit expressions derived from
the above results, we list below the nonvanishing compo-
nents of the “P” part of the metric with respect to our
special chosen coordinate system:
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P
m1m2
tt = −16(γ2 − 1)D2P 2 + 4(3− 10γ2)D′2P 2 − 4(1 + 6γ2)D′1P 1 − 16(γ2 − 1)D′2P ′2
h
P
m1m2
tx = 4
(2γ2 + 1)
√
γ2 − 1
γ
D
′2P 1 − 16γ
√
γ2 − 1D′1P 2
h
P
m1m2
ty = 16γ
√
γ2 − 1D′1P 1 + 12
√
γ2 − 1(2γ2 − 1)
γ
D
′2P 2 + 16
(γ2 − 1)3/2
γ
D
′2P
′2
h
P
m1m2
xx = 4(2γ2 − 1)D′1P 1 + 4(2γ2 − 3)D′2P 2
h
P
m1m2
xy = 4(2γ2 − 1)D′1P 2 − 4(2γ2 − 3)D′2P 1
h
P
m1m2
yy = −4(2γ2 − 1)D′1P 1 + 4(3− 2γ2)D′2P 2 − 16(γ
2 − 1)2
γ2
D
′2P
′2
h
P
m1m2
zz = 4(−2γ2 + 1)D′1P 1 + 4(2γ2 − 3)D′2P 2 . (4.24)
V. COMPUTATION OF Λx(1)y = Λ
1
(1)2
Having discussed the evaluation of the various regular
terms entering the 2PM metric, we can now compute the
connection one-form and, thereby (after integration) the
specific scattering holonomy component Λx(1)y = Λ
1
(1)2
necessary to obtain the rotation angle of the center-of-
mass spin vector after the full scattering process.
The specific component Λ1(1)2 we wish to compute can
be decomposed as the sum of various contributions. On
the one hand, it contains the contributions obtained by
inserting the different terms entering the 2PM metric,
Eq. (4.17), into the linear piece, − ∫∞−∞ ω1, of the ex-
panded time-ordered exponential (2.11), say
Λ1(1 lin)2 =
∑
n
Λ(1)(hn)
1
2
≡
∑
n
∫ +∞
−∞
Γ(hn)
1
2αu
α
1 dτ . (5.1)
On the other hand, one must also add (at the order G2
at which we are working) the quadratic contribution in
the Dyson expansion (2.11), say
Λ1(1 quad)2 =
∫ ∞
−∞
dτω1(1)σ(τ)
∫ τ
−∞
dτ ′ω(1)
σ
2(τ
′) . (5.2)
All the terms in Eq. (5.1) must be G-expanded, up
to the order O(G2) included (and regularized, as ex-
plained above). The Christoffel symbols written directly
in terms of the gothic metric are given in Eqs. (A12)-
(A14) of Ref. [20]. We can distinguish four regular-
ized contributions to Λ1(1)2: h1 = Gm2h
αβ
m2 contributes
to both first and second order in G; while one gets
only O(G2) contributions from h2 = G
2m22h
1/(r2
2)
m2
2
αβ ,
h3 = G
2m1m2h
1/(r2ρ2)
m1m2
αβ and h4 = G
2m1m2h
P
m1m2
αβ .
Explicitly, using the notation
u1 = u
−
1 + δu1 , (5.3)
with (in our special coordinate system) u−1
α = δα0 and
δuα1 = δu
x
1δ
α
x + δu
y
1δ
α
y , we find
Γ(h)12αu
α
1 = Γ(h1)
1
2α(u
−
1
α + δuα1 )
+
4∑
n=2
Γ(hn)
1
2αu
−
1
α , (5.4)
with
Γ(h1)
1
2αu
α
1 = −
1
2
∂xh
ty
1
+
1
4
(
∂yh
yy
1 − ∂yhtt1
)
δux1
+
1
4
(
∂xh
tt
1 + ∂xh
yy
1
)
δuy1
+
1
2
(
h
yy
1 − htt1
)
∂xh
ty
1
−1
4
h
ty
1
(
∂xh
tt
1 − ∂xhyy1
)
, (5.5)
and
4∑
n=2
Γ(hn)
1
2αu
α
1 = −
1
2
4∑
n=2
(
∂xh
ty
n − ∂yhtxn
)
. (5.6)
For example, the second order contributions from h2,3,4
arise from∫ ∞
−∞
Γ(hn)
1
2αu
−
1
αdτ1 = −1
2
∫ ∞
−∞
dt
(
∂xh
ty
n − ∂yhtxn
)
.
(5.7)
They can be computed relatively easily since, having a
O(G2) integrand, they can be integrated along the 0PM
approximation of the worldline of body 1, i.e. a straight
worldline: u1 = u
−
1 , with u
−
1
α = δα0 with the choice of
coordinates adopted here. We then find∫ ∞
−∞
Γ(h2)
1
2αu
−
1
αdτ1 =
15
4
πG2m22
γ
b20∫ ∞
−∞
Γ(h3)
1
2αu
−
1
αdτ1 = πG
2m1m2
γ
b20
(1 + 2γ2)∫ ∞
−∞
Γ(h4)
1
2αu
−
1
αdτ1 = −3πG2m1m2 γ
b20
. (5.8)
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Particular care should be used, however, for the term
h4 = G
2m1m2h
P
m1m2
αβ. One convenient way to proceed
is the following. One only needs the two metric compo-
nents
h
P
m1m2
tx = −4(1+2γ2)D′0P 1−16γ
√
γ2 − 1D′1P 2 (5.9)
h
P
m1m2
ty = −12(2γ2 − 1)D′0P 2
+16γ
√
γ2 − 1(D′0P ′0 +D′2P 2)
+16γ
√
γ2 − 1D′αPα
≡ h˜Pm1m2 ty + 16γ
√
γ2 − 1D′αPα , (5.10)
to be used in
Γ(h4)
1
2αu
−
1
α = −1
2
(
∂xh
ty
4 − ∂yhtx4
)
. (5.11)
The regular part of the last term in hPm1m2
ty can be
rewritten as [20]
[D′αP
α]reg = −
1
2r2ρ2
. (5.12)
Its contribution to Λ(1)
1
2 is of the same type as that of
h3 and can be evaluated in the same way, leading to the
contribution
− 2G2m1m2π γ
b20
. (5.13)
The contribution due to hPm1m2
tx and the remaining term,
h˜
P
m1m2
ty, in hPm1m2
ty,
− 1
2
(
∂xh˜
ty
4 − ∂yhtx4
)
(5.14)
leads to the additional term
−G2m1m2π γ
b20
. (5.15)
This last computation is performed by: 1) exchanging
the partial derivatives with the worldline derivatives; 2)
replacing P and P ′ with their regular parts using Eqs.
(C21) and (C38) of Ref. [20],
∂xPx = R
(1)
xx , ∂yPx = R
(1)
xy ,
∂xPy = R
(1)
yx , ∂yPy = R
(1)
yy , (5.16)
and
∂xP
′
0 = R
′(1)
x , (5.17)
taking into account that R(1)xy = R
(1)
yx and
R(1)xy = − 1
4ρ2
[
−Axvy
A
+
(
A+
Ayvy
A
)
AxAy
A2
]
R(1)xx = − 1
4ρ2
[
A2x
A
+
A2xAyvy
A3
−A+ Ayvy
A
]
R(1)yy = − 1
4ρ2
[
−Ayvy
A
+
A2y
A
+
A3yvy
A3
−A
]
R′(1)x =
1
2ρ2
[(Bx −Ax) lnA
+
1
2
Ax
(
1 +
2B
A
− 2
A2
)
+
Bx
2
]
. (5.18)
Here, entered the components of the following two u1-
orthogonal vectors
A = P (u1)(u2 + ν) , B = P (u1)(u2 − ν) (5.19)
as well as
ν =
P (u2)[z1R − z2RR]
ρ
,
ρ = −[z1R − z2RR] · u2 . (5.20)
The above quantities then become functions of νx, νy
and ρ and one can use the expressions for the worldline
derivatives of the components of ν and ρ, given in Eqs.
(C34) and (C36) of Ref. [20]. The result (5.15) then
follows straightforwardly.
Besides the subtle (and intricate) P -contribution dis-
cussed above, another delicate evaluation concerns the
contribution due to the (regularized) linearized gothic
metric h1, namely
h1 = Gm2h
αβ
m2 = −4Gm2
(
uα2u
β
2
r2
)
R
= −4Gm2u2(τ2R(x))
αu2(τ2R(x))
β
r2(τ2R(x))
. (5.21)
Indeed, this evaluation must be treated with 2PM ac-
curacy, which means taking into account several O(G)
fractional modifications beyond the pure 1PM evaluation
performed in Ref. [18].
The 2PM-accurate contribution associated with h1 has
several origins. There is a piece coming from the fact that
the first worldline L1 is curved at the O(G) level. The
corresponding contribution, proportional to δu1, was al-
ready explicitly written out in Eq. (5.5). The last two
lines in Eq. (5.5) exhibit an h1-related contribution that
is quadratic in h1. In addition, one should take into ac-
count O(G2) corrections to the pure 1PM evaluation of
Λ1(1)2(h1) coming from the variousO(G) fractional correc-
tions to the retardation effects in u2 and r2, which enter
the definition of h1. Indeed, one can formally decompose
τ2R(x) into the sum of an O(G
0) piece (evaluated as if
L2 was straight) and an O(G1) one (taking into account
the O(G) curvature of L2), say
τ2R(x) = τ
(0)
2R (x) +Gδτ
(1)
2R (x) +O(G
2) . (5.22)
We find
τ
(0)
2R (x) = γt+
√
γ2 − 1y
−
√
[
√
γ2 − 1t+ γy]2 + x2 , (5.23)
where the first-order correction δτ
(1)
2R (x) can be straight-
forwardly computed from the O(G) term in the G-
expansion of the defining equation (x − z2(τ2R))2 = 0.
As a consequence of the expansion (5.22), we have corre-
sponding G0 +G1 expansions for
u2(τ2R(x))
α = u−2
α +Gδuα2 (x) +O(G
2) , (5.24)
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and
r2(τ2R(x)) =
√
[
√
γ2 − 1t+ γy]2 + x2+Gδr2(x)+O(G2) .
(5.25)
Inserting these expansions in powers of G in the original
expression of h1 Eq. (5.21), yields the following decom-
position of h1:
h1 = Gh
0
1 +G
2
h
δu2
1 +G
2
h
δr2
1 . (5.26)
The term Gh01 in the latter equation is the linearized met-
ric generated by a straight worldline L2. When inserted
in the first term in Eq. (5.5), namely
− 1
2
∂xh
ty
1 , (5.27)
and integrated, it yields the pure 1PM contribution to
Λ1, namely
Λ1PM(1)
1
2 = 4Gm2
γ
b0
. (5.28)
Several O(G2) corrections to this result follow from Eq.
(5.5). First, the terms proportional to δu1 in Eq. (5.5)
yield ∫ ∞
−∞
Γ(h0,lin1 )
1
2αδu
α
1 dτ1 =
+G2m22
γ
b20
[
π(1 + 2γ2)− 4(2γ
2 − 1)
γ2 − 1
]
.(5.29)
We must then add the contribution to Λ1(1)2 coming from
the terms G2hδu21 + G
2
h
δr2
1 in Eq. (5.26). These terms
can be computed as the ones in Eqs. (5.7), and yield∫ ∞
−∞
Γ(hδu21 )
1
2αu
−
1
αdτ1 =
−2πG2m1m2 γ
b20
(γ2 − 2)(2γ2 − 1)
γ2 − 1∫ ∞
−∞
Γ(hδr21 )
1
2αu
−
1
αdτ1 =
G2m1m2
γ
b20
[
π(2γ2 + 1)− 42γ
2 − 1
γ2 − 1
]
.(5.30)
Then, the last two terms, quadratic-in-h1, in Eq. (5.5),
namely
1
2
(
h
yy
1 − htt1
)
∂xh
ty
1 −
1
4
h
ty
1
(
∂xh
tt
1 − ∂xhyy1
)
, (5.31)
are found to contribute∫ ∞
−∞
Γ(h0,quad1 )2αu
α
1dτ1 = −6G2m22π
γ
b20
. (5.32)
The last O(G2) correction comes from the quadratic
contribution in the Dyson expansion, as written in Eq.
(5.2). This term uses only h0,lin1 and is found to yield the
following contribution to Λ1(1)2:
− 1
2
G2m22π
γ
b20
[
4 +
1
γ2 − 1
]
. (5.33)
As a check on our results, we have recomputed all the
terms deriving from h1 in Λ
1
(1)2 in a completely different
way, namely by using the Fourier space approach out-
lined in Ref. [17]. We found complete agreement with
those obtained above. Some results of the Fourier space
approach are summarized in Appendix A.
A. Final result for the holonomy map
Summing up all the contributions above, and reex-
pressing the result in terms of the physical impact pa-
rameter b instead of b0 (using Eq. (4.12)), we get the
final 2PM-accurate result
Λ1(1)2 =
4Gm2γ
b
+
G2πm2γ(5γ
2 − 3)
(γ2 − 1)b2
(
3
4
m2 +m1
)
.
(5.34)
It will be most useful to rewrite this result in terms of
the total orbital c.m. angular momentum
L = b pcm = bm1 sinhα . (5.35)
We introduce the rescaled version j of L defined by
L = Gm1m2j (5.36)
and the relation
b =
G(m1 +m2)hj√
γ2 − 1 , (5.37)
where h denotes
h ≡ Ereal
M
=
E1 + E2
m1 +m2
=
√
1 + 2ν(γ − 1) . (5.38)
This yields (modulo an O(1/j3) error term)
Λ1(1)2 =
4γ
√
γ2 − 1
jh
X2 +
πγ(5γ2 − 3)
j2h2
X2
(
X1 +
3
4
X2
)
(5.39)
Using then the relation (3.22), i.e.
θ1 = (1− coshα)χ+ Λ1(1)2 +O(G3) , (5.40)
(where we have added a label 1 to θ as a reminder that
this is the spin rotation along L1), with
coshα =
X1
h
+
γX2
h
, (5.41)
as well as the known 2PM expression of the orbital scat-
tering angle χ [21]
χ =
2(2γ2 − 1)
j
√
γ2 − 1
+
3
4
π
j2
5γ2 − 1
h
, (5.42)
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we finally obtain, at the 2PM level, the angle of rotation
θ1 entering the spin holonomy along L1:
θ1 =
2G
b(γ2 − 1)
[
(2γ2 − 1)(h− 1)m1
+[(2γ2 − 1)h− γ]m2
]
+
G2π
4b2(γ2 − 1)
[
3(5γ2 − 1)(h− 1)m21
+[3(5γ2 − 1)(2h− 1)
+γ(5γ2 − 9)]m1m2
+3[h(5γ2 − 1)− 2γ]m22
]
, (5.43)
or
θ1 = − 2
hj
√
γ2 − 1
[
γX2 + (2γ
2 − 1)(X1 − h)
]
+
π
4h2j2
[−3(5γ2 − 1)(X1 − h)− 6γX2
+γ(5γ2 − 3)X1X2
]
. (5.44)
Here we have used either the impact parameter b or the
dimensionless orbital angular momentum j.
VI. EOB COMPUTATION OF THE
SPIN-HOLONOMY ROTATION ANGLE θ1
In order to transcribe the 2PM-accurate value (5.44) of
the spin-holonomy rotation angle θ1 into a corresponding
2PM-accurate value of the two gyrogravitomagnetic fac-
tors gS and gS∗ parametrizing the spin-orbit contribution
to the effective EOB Hamiltonian, Eq. (1.6), we need to
compute, within the framework of EOB theory, the value
of θ1. This was done at the 1PM level in Ref. [18]. The
basic physical effect underlying this computation is con-
ceptually very simple (and was already discussed in Ref.
[18]). Indeed, the EOB-derived Hamiltonian equation of
motion for the spin vector S1 of particle 1, as obtained
from Eq. (1.6), is simply
dS1
dTeff
= Ω1 × S1 (6.1)
where Teff is the effective EOB time (i.e. the evolution
parameter with respect to the effective Hamiltonian), and
where
Ω1 =
∂Heff
∂S1
. (6.2)
When considering the linear-in-spin effective EOB Hamil-
tonian Eq. (1.6), the vectorial angular velocity Ω1 is
simply given by
Ω1 = G
L
R3
(
gS +
m2
m1
gS∗
)
. (6.3)
Moreover, when working linearly in the spins, the orbital
angular momentum vector L can be considered as being
constant. The integrated vectorial angle of rotation of S1
is then given by
θ
EOB
1 = G
∫
Ω1dTeff
= G
∫
L
R3
(
gS +
m2
m1
gS∗
)
dTeff . (6.4)
To get an explicit integral expression for θ1 we need to
express dTeff in terms of the EOB radial variable R. Such
an expression is simply obtained by writing the Hamilto-
nian evolution equation for R, namely
dR
dTeff
= +
∂Heff
∂PR
(6.5)
At linear order in the spins, it is enough to use the orbital
part of Heff , i.e. (with L = Pφ)
Horbeff =
√
A(R)
(
µ2 +
P 2R
B(R)
+
L2
R2
+Q
)
. (6.6)
In addition, as we work at the 2PM accuracy, and as
there is an explicit G factor in the expression of θ1,
it is enough to use the 1PM-accurate EOB effective
Hamiltonian. It was shown in Ref. [17] that the 1PM-
accurate effective EOB Hamiltonian was simply given
by the geodesic dynamics of a particle of mass µ in a
(linearized) Schwarzschild metric of mass M , i.e. by an
Hamiltonian of the form (6.6) with
A = 1− 2GM
R
+O(G2) ,
B = 1 + 2
GM
R
+O(G2) , Q = 0 . (6.7)
Using the equation of motion of R, Eq. (6.5), to express
dTeff in terms of dR then leads to the following expression
for the (vectorial) rotation angle θ1
θ
EOB
1 = G
∫
L
R3
(
gS +
m2
m1
gS∗
)
B
A
Eeff
dR
PR
, (6.8)
in which PR should be expressed as a function of R by
using the energy conservation (for zero spins), namely
E2eff = A
(
µ2 +
P 2R
B
+
L2
R2
)
, (6.9)
so that
P 2R =
B
A
(
E2eff −A
(
µ2 +
L2
R2
))
. (6.10)
In the following, we shall consider the (algebraic)
scalar magnitude, θEOB1 , of the spin rotation, such that
θ
EOB
1 /L = θ
EOB
1 /L.
The gyrogravitomagnetic factors gS and gS∗ entering
Eq. (6.8) are not constant factors but are functions on
phase-space. In order to be able to explicitly perform
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the integral over R entering the expression (6.8), it is
convenient to choose a spin-gauge which simplifies the
phase-space dependence of gS and gS∗. We recall that
Ref. [24] emphasized the existence of a rather large gauge
freedom in the phase-space dependence of gS and gS∗,
linked to the freedom in local rotations of the frame used
to measure the local components of the spin vectors S1
and S2. In our previous 1PM-level work Ref. [18], we
had conveniently used this freedom to express the G→ 0
limit of gS and gS∗ as functions of only P2, which was
conserved at this order. At our present 2PM order it will
be convenient to use a spin-gauge such that
gS = g
1PM
S (H
orb
eff ) + g
2PM
S (H
orb
eff )u+O(u
2) ,
gS∗ = g1PMS∗ (H
orb
eff ) + g
2PM
S∗ (H
orb
eff )u+O(u
2) .(6.11)
As we work linearly in the spins, the use of Horbeff as argu-
ment is equivalent to using the full Heff as was indicated
in Eq. (1.8) of the Introduction. The crucial point is
that the value of this argument can be treated as a con-
stant (equal to Eeff , see Eq. (6.9)) during the integration
involved in Eq. (6.8). In the following, we shall refer to
this gauge as the “energy-gauge”.
The integral (6.8) can then be explicitly computed to
the required 2PM accuracy by expanding its integrand
in powers of G, which means expanding it in powers of
u =
GM
R
. (6.12)
Let us use the shorthand notation
gSS∗ ≡ gS + m2
m1
gS∗
= g1PMSS∗ + g
2PM
SS∗ u+ g
3PM
SS∗ u
2 +O(G3) . (6.13)
The various u- or G-expansions we need are
A = 1− 2u+O(G2) ; B = 1 + 2u+O(G2) , (6.14)
so that
B
A
= 1 + 4u+O(G2) , (6.15)
and
PR = ±(P (0)R +GP (1)R ) , (6.16)
with
P
(0)
R =
√
E2eff − µ2 −
L2
R2
,
GP
(1)
R = 2uP
(0)
R + u
µ2 + L
2
R2
P
(0)
R
. (6.17)
Substituting in Eq. (6.8) we then formally find
θEOB1 =
= 2GEeffL
∫ ∞
Rmin
gSS∗
R3
(1 + 4u)×
×
(
1−GP
(1)
R
P
(0)
R
)
dR
P
(0)
R
= 2GEeff
∫ ∞
Rmin
gSS∗
R3
(
1 + 4u−GP
(1)
R
P
(0)
R
)
LdR
P
(0)
R
,
(6.18)
where the lower limit of the radial integral is
Rmin =
L√
E2eff − µ2
. (6.19)
Note that
P
(0)
R =
√
E2eff − µ2
√
1− R
2
min
R2
, (6.20)
so that P
(0)
R vanishes at the lower limit (which, indeed,
corresponds to the turning point of the O(G0) radial mo-
tion).
A more explicit form of the above integral is then
θEOB1 = 2GEeffRmin
∫ ∞
Rmin
dR
R3
√
1− R2minR2
[
g1PMSS∗ + ug
2PM
SS∗ + 2ug
1PM
SS∗ − ug1PMSS∗
R2min
L2
µ2 + L
2
R2
1− R2minR2
]
. (6.21)
This integral is formally divergent at the lower limit,
where the last term in the integrand has a power-law
singularity ∝ (1 − R2minR2 )−3/2. This divergence was ab-
sent in the original, unexpanded form of the integral,
and was generated by our formal expansion in powers of
G. However, some years ago, Damour and Scha¨fer [25]
have proven a general result about such singular inte-
grals obtained by formally expanding (in a perturbation
parameter) radial integrals involving turning points that
are perturbed during the formal expansion. The correct
result is simply obtained by taking the Hadamard par-
tie finie (PF) of the formally expanded (singular) radial
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integrals.
It is technically convenient to use the new variable
x =
R2min
R2
, −1
2
dx
R2min
=
dR
R3
, (6.22)
in the integral (6.8). We then get
θEOB1 =
GEeff
Rmin
g1PMSS∗ PF
∫ 1
0
dx√
1− x
+
G2MEeff
R2min
[(
g2PMSS∗ + 2g
1PM
SS∗ − g1PMSS∗
µ2
E2eff − µ2
)
×
PF
∫ 1
0
√
xdx√
1− x
]
−g1PMSS∗
E2eff
E2eff − µ2
PF
∫ 1
0
x3/2dx
(1 − x)3/2 . (6.23)
This result is actually valid in any spin-gauge, but it
is particularly useful in what we have called above the
energy-gauge, as defined by Eq. (6.11). Indeed, in this
spin-gauge all the coefficients involving g1PMSS∗ and g
2PM
SS∗
are constant.
The integral can then be easily obtained, besides using
the trivial 1PM-level integral,∫ 1
0
dx√
1− x = 2 , (6.24)
from the general result:
PF
∫ 1
0
x(2n+1)/2dx
(1− x)(2n+1)/2 = (−1)
n (2n+ 1)π
2
, n = 0, 1, 2, . . .
(6.25)
leading, in particular, to
PF
∫ 1
0
√
xdx√
1− x =
π
2
,
PF
∫ 1
0
x3/2dx
(1− x)3/2 = −
3π
2
. (6.26)
The final result of the integration is:
θEOB1 =
2ν
j
γ
√
γ2 − 1g1PMSS∗ (6.27)
+
π
2
ν
j2
γ[(5γ2 − 3)g1PMSS∗ + (γ2 − 1)g2PMSS∗ ] .
Here, we used, as above, the dimensionless orbital angu-
lar momentum j = LGMµ , and we have also (to prepare
the EOB transcription of the 2PM rotation angle) re-
placed Eeff by
γ =
Eeff
µ
≡ Eˆeff . (6.28)
It is indeed a noticeable result of EOB theory that the
map between the (squared) real c.m. energy, s = E2real,
Eq. (2.17), and the effective EOB energy Eeff is given by
the formula (proven in Ref. [17] to be valid to all orders
in v/c)
Ereal = M
√
1 + 2ν
(
Eeff
µ
− 1
)
, (6.29)
or, equivalently,
Eeff
µ
=
(Ereal)2 −m21 −m22
2m1m2
. (6.30)
Inserting s = E2real = −(p−1 +p−2 )2 in the latter expression,
then yields
Eeff
µ
= −p
−
1 · p−2
m1m2
= γ . (6.31)
VII. EOB TRANSCRIPTION OF THE
SPIN-HOLONOMY ROTATION ANGLE θ1
As discussed in Ref. [18], the basic condition allowing
one to transcribe our 2PM-accurate computation in Sec.
V of the real, two-body spin-rotation angle θ1 = θ
real
1
into information about the EOB spin-orbit couplings is
simply the identification
θreal1 (γ, L
real,m1,m2) = θ
EOB
1 (Eeff , L
EOB,m1,m2) .
(7.1)
Crucial to this identification is the knowledge of the con-
nection between the real dynamical variables (notably γ,
and Lreal) appearing as arguments on the left-hand side,
and the effective dynamical variables (Eeff , L
EOB) ap-
pearing on the right-hand side. On the one hand, one of
the basic principles of EOB theory is that Lreal = LEOB,
or jreal = jEOB. On the other hand, we have already
explained above the link predicted by EOB theory be-
tween the real (incoming) Lorentz factor γ and the EOB
effective energy Eeff . See, Eq. (6.31), which was already
used in re-expressing our final result for θEOB1 .
We note also that, in our energy-spin-gauge, g1PMS ,
g1PMS∗ , g
2PM
S , and g
2PM
S∗ must all be functions of only
γ = Eˆeff and of the symmetric mass ratio ν.
As both sides of the basic identification (7.1) are trun-
cated power series in 1/j, we get a separate condition
at each PM order. This condition was already solved at
the 1PM order in Ref. [18], with the result (recalling the
notation X1 ≡ m1/M , X2 ≡ m2/M = 1−X1)
g1PMSS∗ (γ,X1) = g
1PM
S (γ, ν) +
X2
X1
g1PMS∗ (γ, ν) , (7.2)
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with
g1PMS (γ, ν) =
(2γ + 1)(2γ + h)− 1
h(h+ 1)γ(γ + 1)
=
1
h(h+ 1)
[
4 +
h− 1
γ + 1
+
h− 1
γ
]
g1PMS∗ (γ, ν) =
2γ + 1
hγ(γ + 1)
=
1
h
[
1
γ + 1
+
1
γ
]
. (7.3)
The ν-dependence of g1PMS and g
1PM
S∗ is entirely contained
in the quantity h. We recall that h ≡ Ereal/M is the
following function of γ = Eeff/µ and ν:
h =
√
1 + 2ν(γ − 1) . (7.4)
At the 2PM order, the condition (7.1) gives one equa-
tion relating the combination
g2PMSS∗ (γ,X1) = g
2PM
S (γ, ν) +
X2
X1
g2PMS∗ (γ, ν) , (7.5)
to some given function of γ, and X1, say f(γ,X1). One
can extract the two independent (but symmetric under
the 1↔ 2 exchange) functions g2PMS (γ, ν) and g2PMS∗ (γ, ν)
from the single condition
g2PMS (γ, ν) +
X2
X1
g2PMS∗ (γ, ν) = f(γ,X1). (7.6)
Indeed, the right-hand side of this equation is a dissymet-
ric function of the two masses. By considering suitable
symmetric combinations (such as f(γ,X1)+f(γ,X2) and
[f(γ,X1) − f(γ,X2)]/(X1 −X2)) one gets two indepen-
dent equations allowing one to determine the two sym-
metric functions g2PMS (γ, ν) and g
2PM
S∗ (γ, ν). [We recall
that ν ≡ X1X2.]
By equating our two 2PM-accurate results (5.44) and
(6.27) we finally get the 2PM-accurate values of the two
gyrogravitomagnetic ratios
g2PMS (γ, ν) = −
ν
γ(γ + 1)2h2(h+ 1)2
[2(2γ + 1)(5γ2 − 3)h+ (γ + 1)(35γ3 − 15γ2 − 15γ + 3)]
=
ν
h2(h+ 1)2
[
−5(7γ + 4h− 10) + 8(3h− 4)
γ + 1
− 4h
(γ + 1)2
+
3(2h− 1)
γ
]
g2PMS∗ (γ, ν) = −
1
2γ(γ + 1)2h2(h+ 1)
[
(5γ2 + 6γ + 3)(h+ 1) + 4ν(1 + 2γ)(5γ2 − 3)]
=
1
h2(h+ 1)
[
−20ν + 24ν − h− 1
γ + 1
+
h+ 1− 4ν
(γ + 1)2
− 3
2
h+ 1− 4ν
γ
]
=
1
h2(h+ 1)
[
− 20γν
γ + 1
+ (h+ 1− 4ν)
(
1
(γ + 1)2
− 1
γ + 1
− 3
2
1
γ
)]
. (7.7)
These are the two main results of the present work.
VIII. COMPARISON WITH PN-EXPANDED
RESULTS
One of the crucial checks on our 2PM-accurate compu-
tation of the gyrogravitomagnetic ratios is their compar-
ison with the known sub-sub-leading order PN-expanded
values of these ratios. [This check has helped us to bet-
ter locate the subtle aspects of the 2PM calculations ex-
plained in Sec. V above.] In the present section we re-
store the presence of the velocity of light c in formulas.
We recall that the PN-expansions of gS and gS∗ were
derived at the next-to-leading order (or sub-leading or-
der) in Ref. [24], and at the sub-sub-leading order in
Refs. [26] and [27]. These determinations were done in a
general spin gauge, i.e. allowing for a large arbitrariness
in the rotational state of the local spin frame.
We have determined the values of the spin-gauge
parameters corresponding to the energy-spin-gauge we
found most useful in our 2PM calculation. To do so,
it is useful to replace the dimensionless effective energy
Eˆeff = Eeff/(µc
2), or rather the dimensionless effective
Hamiltonian Hˆeff = Heff/(µc
2), by the phase-space vari-
able W (Q,P), such that
Hˆ2eff(Q,P) ≡ 1 +
W (Q,P)
c2
. (8.1)
In the PN expansion, one considers that 1/c → 0, keep-
ing fixed W as well as the rescaled momenta p ≡ P/µ
and pr ≡ PR/µ. To sufficient accuracy, we can use
the effective Hamiltonian corresponding to an effective
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Schwarzschild metric (with u = GM/R)
Hˆeff =
√(
1− 2 u
c2
)(
1 +
(
1− 2 u
c2
) p2r
c2
+
p2
c2
− p
2
r
c2
)
.
(8.2)
[At the present, sub-sub-leading order, we do not need
2PN-level corrections to the effective metric.]
We can then use the previous relations to express p in
terms of W and pr:
p =
√
W + 2u+
1
c2
(2u2 + p2ru+Wu)
(W + 2u)1/2
(8.3)
+
1
c4
u2[−p4r − 2(W + 2u)p2r + 3W 2 + 12Wu+ 12u2]
2(W + 2u)3/2
.
Substituting p2 into the general gauge-dependent expres-
sions of gS(p
2, p2r, u) and gS∗(p
2, p2r, u) derived in [26] al-
lows us to express gS and gS∗ as functions of the three
variables W , p2r and u. We can then look for values of
the spin-gauge parameters that completely remove all p2r
terms. We found a unique set of such gauge-parameters,
namely (in the notation of [26])
a = −3
2
ν, b = −5
4
ν, η =
9
16
ν +
5
8
ν2,
α = −5
8
ν − 7
4
ν2, β =
27
16
ν2,
δ =
7
8
ν − 5
4
ν2, γ =
7
8
ν2, ζ =
3
2
ν2 . (8.4)
This allows us to compute the sub-sub-leading PN-
expanded values of gS and gS∗ in the energy-gauge, i.e.
as functions of W and u
gS(W,u) = 2 +
1
c2
(
−9
8
νW − 7
4
uν
)
+
1
c4
[(
−129
8
ν +
5
4
ν2
)
u2
+
(
9
4
ν2 − 35
8
ν
)
Wu
+
(
1
8
ν +
7
8
ν2
)
W 2
]
gS∗(W,u) =
3
2
+
1
c2
[
−
(
5
8
+
3
4
ν
)
W −
(
7
4
+
3
2
ν
)
u
]
+
1
c4
[(
7
16
+
1
2
ν +
9
16
ν2
)
W 2
+
(
3
4
− ν + 15
8
ν2
)
uW
+
(
−3
4
− 21
2
ν +
9
8
ν2
)
u2
]
. (8.5)
We can then re-order these PN expansions according
to powers of u = GM/R, thereby determining the PN-
expanded versions of the coefficients of the PM expansion
of gS and gS∗, namely
gS = g
1PM
S (Wˆ ) + g
2PM
S (Wˆ )
u
c2
+ g3PMS (Wˆ )
u2
c4
,
gS∗ = g1PMS∗ (Wˆ ) + g
2PM
S∗ (Wˆ )
u
c2
+ g3PMS∗ (Wˆ )
u2
c4
,(8.6)
where Wˆ =W/c2 and
g1PMS (Wˆ ) = 2−
9
8
νWˆ +
(
1
8
ν +
7
8
ν2
)
Wˆ 2 +O(Wˆ 3)
g2PMS (Wˆ ) = −
7
4
ν +
(
9
4
ν2 − 35
8
ν
)
Wˆ +O(Wˆ 2)
g3PMS (Wˆ ) = −
129
8
ν +
5
4
ν2 +O(Wˆ )
g1PMS∗ (Wˆ ) =
3
2
−
(
5
8
+
3
4
ν
)
Wˆ
+
(
7
16
+
1
2
ν +
9
16
ν2
)
Wˆ 2 +O(Wˆ 3)
g2PMS∗ (Wˆ ) = −
(
7
4
+
3
2
ν
)
+
(
3
4
− ν + 15
8
ν2
)
Wˆ
+O(Wˆ 2)
g3PMS∗ (Wˆ ) = −
3
4
− 21
2
ν +
9
8
ν2 +O(Wˆ ) . (8.7)
We have checked that the PN expansion (i.e. the ex-
pansion in powers of Wˆ ) of our 1PM-level, and 2PM-
level, results, Eqs. (7.3), (7.7), fully agree with all the
corresponding terms in the PN expansions above.
We note that our new results allow one to replace the
current, limited-accuracy PN-expanded versions of the
four quantitities g1PMS , g
1PM
S∗ , g
2PM
S , g
2PM
S∗ by four, exactly
known functions of Wˆ . On the other hand, the only
knowledge we currently have concerning the 3PM level is
embodied in the two numbers
lim
W→0
g3PMS (W ) = −
129
8
ν +
5
4
ν2 , (8.8)
and
lim
W→0
g3PMS∗ (W ) = −
3
4
− 21
2
ν +
9
8
ν2 . (8.9)
IX. HIGH-ENERGY (HE) BEHAVIOR,
STRONG-FIELD BEHAVIOR AND
RESUMMATION
A. High-energy (HE) behavior
One of the great interests in replacing PN-expanded re-
sults by PM-extended ones is that it allows one to discuss
regimes of the gravitational interaction involving high ki-
netic energies. Examples of the new insights obtained
this way have been discussed in Refs. [17], [18] and [16].
In particular, an interesting property of the high-energy
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behavior of the spin-orbit sector has been pointed out in
[18]. Namely, the fact that, at the 1PM level, g1PMS (γ, ν),
and g1PMS∗ (γ, ν) tend to zero at high-energy (HE), in spe-
cific ways, that differ for gS and gS∗:
g1PMS (γ, ν) ∼
1
νγ
as γ →∞ , (9.1)
and
g1PMS∗ (γ, ν) ∼
1
γ
√
2νγ
as γ →∞ . (9.2)
It is noticeable that these HE limiting behaviors still hold
at the 2PM level, so that it is tempting to conjecture that
they hold at all PM levels. More precisely, we find that,
in the HE limit γ →∞, we have
1.
gS(γ, u, ν) = g
1PM
S (γ, ν) + u g
2PM
S (γ, ν)
→ 2
(
1− 35
8
u
)
1
νγ
+O
(
1
γ3/2
)
;
2.
gS∗(γ, u, ν) = g1PMS∗ (γ, ν) + u g
2PM
S∗ (γ, ν)
→ 2(1− 5u) 1
γ
√
2νγ
+O
(
1
γ2
)
.
We conjecture that we would have more generally, as
γ →∞,
gS(γ, u, ν) → fS(u) 1
νγ
+O
(
1
γ3/2
)
; (9.3)
gS∗(γ, u, ν) → fS∗(u) 1
γ
√
2νγ
+O
(
1
γ2
)
; (9.4)
with
fS(u) = 2
(
1− 35
8
u
)
+O(u2); (9.5)
fS∗(u) = 2 (1− 5u) +O(u2) . (9.6)
There are several interesting consequences of these HE
behaviors. A consequence concerns the HE behavior of
the spin-rotation angle θ1. Let us first recall that the
study of the HE limit of the EOB Hamiltonian [16] has
shown that it could still be parametrized by an effective
metric, with some (ν-independent!) values of the metric
functions A(R) and B(R). [Actually, only the conformal
structure of this effective HE metric matters in the HE
limit. It is convenient to fix the conformal freedom by
using a Schwarzschild-like (areal radius) gauge, and we
will do so.] Using then the EOB-predicted integral ex-
pression for θ1, Eq. (6.8) (with these effective values of
A(R) and B(R)), and inserting in this integral the limit-
ing behaviors (9.3), (9.4), we first notice that the faster
decrease of gS∗ at HE implies the relative disappearance
of the contribution ∝ m2m1 gS∗. This immediately shows
that the spin rotation angle θ1 along L1 will be equal to
the spin rotation angle θ2 along L2. Taking into account
the various factors of ν entering into the HE limit of Eq.
(6.8), one also finds that the common value, say θspin of
θ1 and θ2 has a finite value in the HE limit, which is
independent of ν.
Ref. [16] found that the HE limit of the orbital scat-
tering angle is given by
π
2
+
χ
2
HE
=
∫ umax(α¯)
0
du
√
A(u)B(u)√
α¯2 − u2A(u) , (9.7)
where umax(α¯) is the root of radicand closest to zero, and
where we have set
α¯ ≡ Eˆeff
j
≡ GMEeff
L
. (9.8)
The quantity α¯ is kept fixed in the HE limit where Eeff
and j both tend to infinity.
The corresponding HE limit of θspin is then found to
be given by the integral
θspin
2
HE
=
∫ umax(α¯)
0
u du fS(u)
√
B(u)
A(u)
1√
α¯2 − u2A(u)
(9.9)
The first point we wish to emphasize is that the existence
of a finite (mass-independent) HE limit for θspin has di-
rectly followed (within the other tenets of EOB theory)
from the special (ν-dependent!) HE asymptotic behavior
(9.3). The second point is that the actual value of the
limiting spin-rotation angle θspin is directly related to the
value of the renormalized HE gyrogravitomagnetic ratio
fS(u). When using the 1PM value of fS(u), Eq. (9.5),
the computation of the integral (9.9) yields
θspin
HE
= 4α¯+
5
8
πα¯2 +O(α¯3) . (9.10)
This value can also, evidently, be directly obtained from
taking the corresponding limit in the expression (5.44)
The corresponding HE value of the orbital scattering an-
gle is [16]
χ
HE
= 4α¯+O(α¯3) . (9.11)
It is interesting to note that, though these values are in-
dependent of the mass ratio, the corresponding HE values
of θspin and χ in the test-particle limit (i.e. when taking
ν → 0 before taking the HE limit) are different from the
above results, but agree among themselves.
Let us first recall the value of gS∗ for a test particle
moving in a spherically symmetric metric [28–30]
gtestS∗ =
r2∇√A
1 +
√
K
+
r(1 −∇r)√A√
K
(9.12)
where K ≡ Hˆ2eff/A and ∇ ≡ B−1/2d/dr. For the
Schwarzschild values of A and B one finds
gtestS∗ =
√
1− 2u
Eˆeff +
√
1− 2u +
1− 2u
uEˆeff
(
1−√1− 2u) . (9.13)
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Contrary to the previous case where it was gS which was
dominating in the HE limit, when the test-particle limit
is done before considering the HE limit, it is gS∗ which
dominates. One then finds
θtest
2
HE
=
∫ umax(α¯)
0
du
(
1− 1− 3u√
1− 2u
)
1√
α¯2 − u2(1− 2u) .
(9.14)
A direct computation shows that∫ umax(α¯)
0
du
1− 3u√
1− 2u
1√
α¯2 − u2(1 − 2u) =
π
2
(9.15)
independent of α¯, so that
θtest
HE
= χtest , (9.16)
where χtest is the test-particle limit of the HE orbital
scattering angle, given by:
π
2
+
χtest
2
HE
=
∫ umax(α¯)
0
du
1√
α¯2 − u2A(u) , (9.17)
The beginning of the HE expansions of θspin and χ read
(see [16] for more terms in the expansion)
χtest
HE
= θtestspin
HE
= 4α¯+
15
4
πα¯2 +O(α¯3) . (9.18)
B. Strong-field behavior and resummation
It was noticed early on [24] that the PN corrections
to the leading PN-order values of gS and gS∗, namely
gLOS = 2 and g
LO
S∗ =
3
2 tended (for the comparable-mass
case, 4ν ∼ 1) to be all negative, and thereby to diminish
the values of gS and gS∗ in the strong-field regime, i.e.
when the two bodies get close to each other so that u =
GM/(c2R) becomes of order unity. In the case of gS∗, its
exact test-mass expression (9.13) shows indeed that gS∗
contains effects that make it tend to zero both at large
energies, and at the horizonR = 2GM/c2, i.e. u = 12 . We
wish to emphasize here that the decrease of gS and gS∗
as u increases is significantly amplified when considering
large energies. Indeed, after having factored the overall
power-law decreases of gS and gS∗ with energy, as in Eqs.
(9.3) and (9.4), we see that the linear slope of fractional
decrease of gS and gS∗ as u increases becomes so large
(namely ∝ 1− 358 u and ∝ 1−5u) that they would formally
predict gS and gS∗ to vanish at, respectively, separations
R = 358 GM/c
2 = 4.375GM/c2 and R = 5GM/c2, and
then to become negative.
To have gS and gS∗ changing sign as the two bodies get
close to each other does not a priori seem to be physically
acceptable. On the other hand, the fact that the HE
behavior is factorizable (i.e. seems to be the same at
each PM order) suggests a simple way of resumming the
PM expansions of gS(γ, u) and gS∗(γ, u). The idea is
first to factor out the γ-dependence that exist at u = 0,
and then to inverse-resum the result of this factorization.
In other words, we suggest to replace the standard PM
expansions
gS,S∗(γ, ν, u) = g1PMS,S∗(γ, ν) + u g
2PM
S,S∗(γ, ν)
+u2g3PMS,S∗(γ, ν) +O(u
3) (9.19)
by the following resummed expressions
gS,S∗(γ, ν, u) =
g1PMS,S∗(γ, ν)
1 + u c˜1S,S∗(γ, ν) + u2 c˜
2
S,S∗(γ, ν)
,
(9.20)
where
c˜1S,S∗(γ, ν) = −
g2PMS,S∗(γ, ν)
g1PMS,S∗(γ, ν)
(9.21)
and
c˜2S,S∗(γ, ν) =
(
g2PMS,S∗(γ, ν)
g1PMS,S∗(γ, ν)
)2
− g
3PM
S,S∗(γ, ν)
g1PMS,S∗(γ, ν)
. (9.22)
The dependence of the coefficients c˜1S,S∗(γ, ν) on γ
(and the symmetric mass-ratio ν) is shown in Fig. 1.
Both quantities are positive, increasing with γ (up to an
asymptotic value, c˜1S
∞ = 35/8 and c˜1S∗
∞ = 5, respec-
tively) and have a mild dependence on the symmetric
mass ratio ν.
Concerning the next coefficients, c˜2S(γ, ν), c˜
2
S∗(γ, ν) we
only know their low-energy values, i.e. their values for
γ = 1. These are easily deduced from the sub-sub-leading
results (8.8), (8.9) above and read
c˜2S(1, ν) =
9
64
ν2 +
129
16
ν , (9.23)
c˜2S∗(1, ν) =
7
16
ν2 +
91
12
ν +
125
72
. (9.24)
In view of the above significant increase of c˜1S , c˜
1
S∗ as
γ increases, we might also expect a significant variation
of c˜2S , c˜
2
S∗ with γ. We recommend to define new EOB
codes incorporating the spin-gauge versions of gS and
gS∗ employed in this paper, together with the inverse-
resummed expressions above, and to compare the pre-
dictions of such codes to numerical simulations of two
spinning black holes to try to determine best-fit values
for c˜2S , and c˜
2
S∗ (and/or for higher-order coefficients). It
would also be interesting to transcribe the high-PN-order
results on gS and gS∗ obtained (in a different spin-gauge)
from Self-Force theory into the energy-gauge used in this
paper. As, in the context of coalescing binary black holes,
the effective energy, γ, varies numerically little around 1,
it might be sufficient to approximate the rather compli-
cated functions c˜nS , c˜
n
S∗ by simplified expressions.
To give an idea of the values of gS(γ, ν, u) and
gS∗(γ, ν, u) predicted by our new results, and our new
gauge, we plot in Fig. 2 the u-dependences predicted by
our formulas (together with the leading-PN order values
of c˜2S and c˜
2
S∗) for a sample of values of γ and ν.
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(a) (b)
FIG. 1: Panel (a). The behavior of c˜1S is shown as a function of γ for selected values of ν =
[0.1 (black online), 0.15 (blue online), 0.25 (red online)]. The dotted line corresponds to the asymptotic value c˜1S
∞ = 35/8.
Panel (b). The behaviour of c˜1S∗ is shown as for c˜
1
S with asymptotic value c˜
1
S∗
∞ = 5.
(a) (b)
FIG. 2: Panel (a). The behavior of gS(γ, ν, u) as given in Eq. (9.20) (with known 3PM terms included) is plotted as a function
of u for different values of γ = 1, 10 and ν = 0.1 (black online), 0.25 (red online). Panel (b). gS∗(γ, ν, u) is plotted as a function
of u for the same parameter choice of panel (a).
We wish also to mention an alternative way of resum-
ming our 2PM results for the gyrogravitomagnetic ratios
gS and gS∗, which is suggested by the (known) structure
of the test-particle expression gtestS∗ , Eq. (9.13), for gS∗
[28–30]. We see on this expression that the numerators
and denominators of gS∗(γ, u) contain linear combina-
tions of γ with functions of u. When expanding such
expressions in powers of u this will generate more com-
plicated γ-dependent denominators, of the type seen in
our result for g2PMS,S∗(γ). This suggest to resum gS∗, at the
2PM accuracy, by an expression of the following type
g2PMresumS∗ =
1
h
[
1 + a˜2u
γ + 1 + a˜1u
+
1 + a˜3u
γ
+ a˜4u
]
.
(9.25)
Expanding this expression in powers of u and identifying
it (at sub-leading order) with our 2PM-accurate result
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determines the various coefficients entering Eq. (9.25) to
be
a˜i =
ai
h(h+ 1)
, (9.26)
with
a1 = −h− 1 + 4ν
a2 = −h− 1− 24ν
a3 = −3
2
(h+ 1) + 6ν
a4 = −20ν . (9.27)
A similar resummation of the 2PM-accurate gS is given
by
g2PMresumS =
c0 + c1u
h(h+ 1) + c2νuγ
+
1
γ
−2νh+ 3νu(2h− 1)
h2(h+ 1)2
+
1
γ + 1
d0 + d1u
γ + 1 + d2u
, (9.28)
where
c0 =
4(h+ 1 + ν)
h+ 1
c1 = −10(2h− 5)ν
h(h+ 1)
c2 =
35(h+ 1)
4(h+ 1 + ν)
d0 = −4hν
d1 = 8ν(−4 + 3h)
d2 = −1 . (9.29)
One can easily complete these expressions by including
the 3PM (i.e., O(u2)) known contributions, Eqs. (8.9),
(8.9), in the above resummed expressions.
X. CONCLUDING REMARKS
Using the notion of spin holonomy (i.e. a suitable pro-
jection of the spacetime spin rotation), introduced, at the
first post-Minkowskian order, in Ref. [18], we have com-
puted the second-order post-Minkowskian (2PM) correc-
tions to the spin-orbit coupling of a gravitationally in-
teracting, comparable-mass, two-body system. We tran-
scribed our O(G2)-accurate computation of the spin ro-
tation during two-body scattering into the corresponding
determination of the gyrogravitomagnetic ratios gS and
gS∗ entering the effective one-body (EOB) Hamiltonian
description of linear-in-spin coupling effects. Contrary
to the previous, post-Newtonian-based, knowledge of gS
and gS∗, our 2PM-accurate results are exact in v/c, and
represent a new direction for improving the EOB conser-
vative dynamics of a spinning two-body system.
The computations have been performed in x-space by
using the explicit form of the 2PM metric generated by
two spinless bodies, available since 1981 [20]. Most of
our results have been double-checked by Fourier-space
(k-space) computations (see Appendix A).
We have indicated ways of resumming our final results
so as to use them for defining new versions of spinning
EOB codes. In view of future, forthcoming high signal-
to-noise-ratio gravitational-wave observations, we think
that the improved analytical knowledge of the conserva-
tive dynamics of a spinning two-body system brought by
the present work might play a useful role.
Similarly to the considerations recently made in [16] for
the orbital scattering, it would be interesting to explore
whether one can extract the classical spin scattering an-
gle from quantum gravitational amplitudes. This would
offer a new avenue for further improving the knowledge
of spin-orbit couplings in gravitationally interacting sys-
tems. Note that our classical 2PM-accurate result corre-
sponds to the quantum one-loop level.
Appendix A: Fourier space computations
Most of the terms computed above in x-space to obtain
the spin holonomy matrix component Λ(1)
1
2 can be val-
idated by performing analogous calculations in Fourier
space. The well-known Fourier-space results
∫
d3k
(2π)3
ei
~k·~x
k2
= +
1
4π|x|∫
d2K
(2π)2
ei
~K· ~X
K2
= − ln |X |
2π
, (A1)
where ~k, ~x are vectors of the Euclidean 3-space and ~K, ~X
are vectors in the Euclidean 2-plane, will be often used
in the following.
Let us recall that at the linear order in G the gothic
metric satisfies
hαβ = +16πGTαβ . (A2)
The source Tαβ corresponds to the two particles m1 and
m2 and
Tαβ(x) = T
(m1)
αβ (x) + T
(m2)
αβ (x) , (A3)
where, for example
T
(m2)
αβ (x) = m2
∫
dτ ′u2α(τ ′)u2β(τ ′)δ(4)(x− z2(τ ′)) .
(A4)
The part of the metric generated by T (m2) turns out to
be given by
hαβ(x) = −16πG
∫
d4k
(2π)4
eik·x
k2
T(m2)αβ(k) , (A5)
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where
T (m2)α
′β′(k) =
∫
d4xe−ik·xT (m2)α
′β′(x) (A6)
= m2
∫
dτ ′u2α(τ ′)u2β(τ ′)e−ik·z2(τ
′) .
Therefore
hαβ(x) = −16πGm2
∫
d4k
(2π)4
1
k2
×∫
dτ ′u2α(τ ′)u2β(τ ′)eik·(x−z2(τ
′)) , (A7)
and
h(x) = 16πGm2
∫
d4k
(2π)4
1
k2
∫
dτ ′eik·(x−z2(τ
′)) , (A8)
since u2(τ
′) · u2(τ ′) = −1 +O(G2).
We will compute the following tensors
Bµα =
∫
∂µhαβ(x)dz
β =
∫
dτ (∂µhαβ(x))x=z1(τ) u
β
1 (τ)
= −16πGm2
∫
dτuβ1 (τ)×∫
d4k
(2π)4
ikµ
k2
∫
dτ ′u2α(τ ′)u2β(τ ′)eik·(z1(τ)−z2(τ
′))
Cµβ =
∫
∂µh(x)dz
β =
∫
dτ (∂µh)x=z1(τ) u
β
1 (τ)
= 16πGm2
∫
uβ1 (τ)dτ ×∫
d4k
(2π)4
ikµ
k2
∫
dτ ′eik·(z1(τ)−z2(τ
′)) . (A9)
They enter Λ(1)
1
2 through the relation
Λ(1)
1
2 =
1
2
(Bxy − Byx)− 1
4
(Cxy − Cyx)
= B[xy] −
1
2
C[xy]
≡ ΛB12 + ΛC12 , (A10)
where one has used the standard notation for antisym-
metrization of indices. In fact, from the first-order rela-
tion
2Γxyµu
µ
1 = ∂xhyγu
γ
1 − ∂yhxγuγ1
−1
2
uy1∂xh+
1
2
ux1∂yh , (A11)
one immediately obtains Eq. (A10).
1. The case of straight lines
In this limit the worldlines of the two particles read
z1(τ) = b0∂x + u
−
1 τ , z2(τ
′) = u−2 τ
′ (A12)
and b0 = b coincides with the impact parameter.
1. Computation of Bµα
Let us start analyzing the case of straight lines
Bµα = +16πGm2γu−2 α
∫
d4k
(2π)4
ikµ
k2
eik·b0 ×∫
dτei(k·u
−
1
)τ
∫
dτ ′e−i(k·u
−
2
)τ ′
= +16πGm2γu
−
2 α ×
∂
∂bµ0
∫
d4k
(2π)2
eik·b0
k2
δ(k · u−1 )δ(k · u−2 ) .(A13)
Expressing δ(k ·u−1 )δ(k ·u−2 ) in the usual coordinate
system we find
δ(k · u−1 )δ(k · u−2 ) =
1√
γ2 − 1δ(k
0)δ(ky) , (A14)
and then, recalling that ∂b0
∂bµ
0
=
b0µ
b0
, we find
Bµα = 16πGm2 γ√
γ2 − 1u
−
2 α
∂
∂bµ0
∫
dkxdkz
(2π)2
eik·b0
k2
= −16πGm2 γ√
γ2 − 1
u2
−
α
∂
∂bµ0
1
2π
ln b0
= −8Gm2 γ√
γ2 − 1
b0µ
b20
u−2 α , (A15)
implying
Bxy = 8Gm2 γ
b0
, Byx = 0 . (A16)
2. Computation of Cµα
In this case we have
Cµβ = −16πGm2δ0β
∫
d4k
(2π)4
ikµ
k2
eik·b0 ×∫
dτeik·u
−
1
τ
∫
dτ ′e−ik·u
−
2
τ ′
= −16πGm2δ0β
∂
∂bµ0
∫
d4k
(2π)4
eik·b0
k2
(2π)2δ(k · u−1 )δ(k · u−2 )
= −16πGm2δ0β
1√
γ2 − 1
bµ0
b20
, (A17)
so that Cxy = Cyx = 0.
The final result for Λ1(1)2 at the 1PM order coincides with
the well-known result
Λ1(1)2 = −
1
2
Bxy = 4Gm2 γ
b0
. (A18)
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In this special case (straight lines) one can easily com-
pute ∂αhβµ(x), namely
∂αhβµ(x) = Cαu
′
−βu
′
−µ , ∂αh(x) = −Cα (A19)
where
Cα(x) = −16πGm2
∫
d4k
(2π)4
ikα
k2
(2π)eik·(x−z2(0))δ(k · u−2 )
= −16πGm2 ∂
∂ξα
∫
d4k
(2π)3
eik·ξ
k2
δ(k0 +
√
γ2 − 1
γ
ky)
= −16πGm2 ∂
∂ξα
1
4π
1
|ξ| = 4Gm2
ξα
|ξ|3 , (A20)
where
ξ = P (u−2 )x = x+ (u
−
2 · x)u−2
= x∂x + (γy +
√
γ2 − 1 t)e(u−2 )2 + z∂z , (A21)
with
e(u−2 )2 = −
√
γ2 − 1∂t + γ∂y . (A22)
Along the particle m1 worldline
ξ → b0∂x + t
√
γ2 − 1e(u−2 )2 , (A23)
so that
ξt
|ξ|3 =
(γ2 − 1)t
D(t)3
ξx
|ξ|3 =
b0
D(t)3
ξy
|ξ|3 =
γ
√
γ2 − 1 t
D(t)3
. (A24)
Replacing
∂αhβµ(x) = 4Gm2
ξα
|ξ|3 u
′
−βu
′
−µ = Cαu
′
−βu
′
−µ , (A25)
implying
u′− · C = 0 , u′−α∂αhβµ(x) = 0 , (A26)
in the connection term (also evaluated along the world-
line of the particle m1, with x = u
−
1 τ + b0 and C
α =
Cα(τ)), namely
ω1(τ)
α
β =
1
2
(∂αhβ0 − ∂βhα0 − ∂0hαβ)
+
1
4
(δα0 ∂βh+ δ
α
β∂0h+ δ
0
β∂
α
h)
∣∣∣∣
x=x(τ)
(A27)
we find
ω1(τ)
α
β =
{
1
2
[−γ (Cαu−2 β − u−2 αCβ)
−C0u−2 αu−2 β
]
−1
4
[δα0Cβ + δ
α
βC0 + δ
0
βC
α]
}
dτ
= −γ
2
[C ∧ u−2 ]αβ +
1
4
[C ∧ u−1 ]αβ
−1
2
C0
(
u−2
αu−2 β +
1
2
δαβ
)
= [C1(τ)
α
β + C2(τ)
α
β ]dτ , (A28)
or explicitly
ω1(τ)
α
β =


C0(1−2γ2)
4 −C
1(1−2γ2)
4
C2(1−2γ2)
4 0
−C1(1−2γ2)4 C
0
4
γ
√
γ2−1C1
2 0
−C2(1−2γ2)4 + γ
√
γ2 − 1C0 − γ
√
γ2−1C1
2 −C
0(1−2γ2)
4 0
0 0 0 C
0
4 .

 (A29)
We can compute then
ω1(τ)
α
βω1(τ
′)βµ = [C1(τ)αβ + C2(τ)αβ ]× (A30)
[C1(τ
′)βµ + C2(τ ′)βµ]dτdτ ′ ,
and finally, using the abbreviated notation Cα = Cα(τ)
and C′α = C′α(τ ′),
ω1(τ)
x
βω1(τ
′)βy =
{
2γ2 − 1
8
[
1
2
(2γ2 − 1)C′2
+ γ
√
γ2 − 1C′0
]
C1
+
γ
√
γ2 − 1
8
C0C′1
}
dτ ′dτ .(A31)
Integrating over τ ′ ∈ (−∞, τ) and then over τ ∈
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(−∞,+∞) gives∫ ∞
−∞
∫ τ
−∞
ω1(τ)
x
βω1(τ
′)βy = −πG
2m2
2
2
γ(4γ2 − 3)
b20(γ
2 − 1)
(A32)
which coincides with the previously obtained result.
Appendix B: The general case: computation of Bµα
Start from Eq. (A9) and insert the four velocities
uβ1 (τ) = u
−
1
β+δuβ1 (τ) , u2
β(τ ′) = u−2
β+δu2
β(τ ′) (B1)
and worldlines
zβ1 (τ) = z1(0)
β + u−1
βτ + δzβ1 (τ) ,
z2
β(τ ′) = z2(0)β + u−2
βτ ′ + δz2β(τ ′) , (B2)
with bβ0 = z1(0)
β and z2(0)
β vanishing, namely
Bµα = −16πGm2
∫
d4k
(2π)4
ikµ
k2
eik·b0Fα(k) , (B3)
where
Fα(k) =
∫∫
dτdτ ′(u−1
β + δuβ1 (τ))(u
−
2 β + δu2β(τ
′))(u−2
α + δu2
α(τ ′))eik·(u
−
1
τ+δz1(τ)−u−2 τ ′−δz2(τ ′)
=
∫∫
eik·u
−
1
τdτe−ik·u
−
2
τ ′dτ ′{u−2 α[−γ + u−1 · δu2 + u−2 · δu1 − iγk · δz1(τ) + iγk · δz2(τ ′)]− γδu2α(τ ′)} .(B4)
The six terms entering Fα(k) can be re-written as
Fα(k) = −3γu−2 α(2π)2δ(k · u−1 )δ(k · u−2 )
+ (2π)δ(k · u−1 )u−2 αu−1 ·
∫
e−ik·u
−
2
τ ′dτ ′δu2(τ ′)
+ (2π)δ(k · u−2 )u−2 αu−2 ·
∫
eik·u
−
1
τdτδu1(τ)
(B5)
+ (2π)δ(k · u−2 )γu−2 α
∫
eik·u
−
1
τ−ik·δz1(τ)dτ
+ (2π)δ(k · u−1 )γu−2 α
∫
e−ik·u
−
2
τ ′+ik·δz2(τ ′)dτ ′
− (2π)δ(k · u−1 )γ
∫
e−ik·u
−
2
τ ′dτ ′δu2α(τ ′)
≡
6∑
i=1
Fαi (k) , (B6)
and using Eq. (B8) one finds the corresponding contri-
butions to Bµα,
Bµα ≡
6∑
n=1
B(1)µα (B7)
= −16πGm2
∫
d4k
(2π)4
ikµe
ik·b0
k2
6∑
n=1
Fnα(k) ,
identifying the various terms contributing to Bµα.
1. Computation of B
(1)
µα
In this case
B(1)µα = 48γu−2 απGm2
∂
∂bµ0
×
∫
d4k
(2π)2
eik·b0
k2
δ(k · u−1 )δ(k · u−2 )
= 48γu−2 απGm2
1√
γ2 − 1
∂
∂bµ0
∫
dkxdkz
(2π)2
eikxb0
k2x + k
2
z
= −24u−2 αGm2
γ√
γ2 − 1
∂
∂bµ0
ln b0 , (B8)
so that, using the relation ∂
∂bµ
0
b0 =
b0µ
b0
,
B(1)µα = −24Gm2
γ√
γ2 − 1
b0µ
b20
u−2 α . (B9)
In particular
B(1)xy = 24Gm2
γ
b0
, B(1)yx = 0 . (B10)
2. Computation of B
(2)
µα
In this case
B(2)µα = −16πGm2u−2 αu−1 ·
∫
dτ ′δu2(τ ′)∫
d4k
(2π)3
ikµe
ik·(b0−u−2 τ ′)
k2
δ(k0) . (B11)
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Introducing the vectors
ξ = b0 − u−2 τ ′ , η = P (u−1 )ξ = b0 +
√
γ2 − 1τ ′∂y .
(B12)
and proceeding as before one easily finds then
B(2)xy = −2πG2m1m2
γ(2γ2 − 3)
b20
, B(2)yx = 0 . (B13)
3. Computation of B
(3)
µα
In this case
B(3)µα = −16πGm2u−2 αu−2 ·
∫
dτδu1(τ)∫
d4k
(2π)3
ikµe
ik·(b0+u−1 τ)
k2
δ(k · u−2 )
= −16πGm2u−2 αu−2 ·
∫
dτδu1(τ)∫
d4k
(2π)3
i[P (u−2 )k]µe
iP (u−
2
)k·(b0+u−1 τ)
|P (u−2 )k|2
δ(γk0 +
√
γ2 − 1ky) , (B14)
where we have replaced k by P (u−2 )k because of the con-
dition u2 · k = 0. The various quantities involved here
reduce to
P (u−2 )k = k
x∂x + (γ
−1ky)e(u−2 )2 + k
z∂z
|P (u−2 )k|2 = (kx)2 + (γ−1ky)2 + (kz)2
P (u−2 )k · (b0 + u−1 τ) = kxb0 +
√
γ2 − 1
γ
kyτ , (B15)
and defining
ξ = b0 + u
−
1 τ , η = P (u
−
2 )ξ , (B16)
we find then
B(3)xy = −2πG2m′2
γ(2γ2 − 3)
b20
, B(3)yx = 0 . (B17)
4. Computation of B
(4)
µα
In this case we introduce the vector
ξ = b0 + u
−
1 τ − δz1(τ) ,
[P (u−2 )k] · ξ = kx(b0 − δzx1 )
+ (γ−1ky)[
√
γ2 − 1τ − γδzy1 ] , (B18)
with
P (u−2 )k = k
x∂x + (γ
−1ky)e(u−2 )2 + k
z∂z . (B19)
Its projection orthogonal to u−2 is the four-vector
η = P (u−2 )ξ (B20)
(not to be confused with the Minkowski metric) which
reads
η ≡ P (u−2 )ξ
= (b0 − δzx1 )∂x + [
√
γ2 − 1τ − γδzy1 ](γ∂y −
√
γ2 − 1∂t)
= (b0 − δzx1 )∂x + [
√
γ2 − 1τ − γδzy1 ]e(u−2 )2
= ηx∂x + η
ye(u−2 )2 . (B21)
Therefore
B(4)µα = −16πGm2γu−2 α
∫
dτ
∫
d4k
(2π)3
ikµe
ik·b0
k2
δ(k · u−2 )eik·(u
−
1
τ−δz1(τ))
= −16πGm2γu−2 α
∫
dτ
∫
d4k
(2π)3
i[P (u−2 )k]µe
iP (u−
2
)k·(b0+u−1 τ−δz1(τ)
|P (u−2 )k|2
δ(k · u−2 )
= 4Gm2γu
−
2 α
∫
dτ
ηµ
[(b0 − δzx1 )2 + (
√
γ2 − 1τ − γδzy1)2]3/2
, (B22)
where, we recall
ηx = b0 − δzx1 , ηy =
√
γ2 − 1τ − γδzy1 . (B23)
In particular
B(4)xy = −8Gm′
γ
b0
− 4 γ
b20
m′2G2
(
−π 2γ
2 + 1
2
+ 2
2γ2 − 1
γ2 − 1
)
, B(4)yx = 0 . (B24)
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5. Computation of B
(5)
µα
Let us introduce the vector
ξ = b0 − u−2 τ ′ + δz2(τ ′) , [P (u−1 )k] · ξ = kx(b0 + δz2x) + ky(
√
γ2 − 1τ ′ + δz2y) (B25)
such that
η = P (u−1 )ξ = (b0 + δz2
x)∂x + (
√
γ2 − 1τ ′ + δz2y)∂y . (B26)
We find
B(5)µα = −16πGm2γu−2 α
∫
dτ ′
∫
d3k
(2π)3
i(P (u−1 )k)µe
i~k·(b0−P (u−1 )u−2 τ ′+P (u−)δz2(τ ′))
~k2
= −4Gm2γu−2 α
∫
dτ ′
∂
∂ηµ
1
|b0 − P (u−1 )u−2 τ ′ + P (u−1 )δz2(τ ′))|
= 4Gm2γu
−
2 α
∫
dτ ′
ηµ
[(b0 + δz2(τ ′)x)2 + (
√
γ2 − 1τ ′ + δz2(τ ′)y)2]3/2
. (B27)
In particular
B(5)xy = −8Gm2
γ
b0
− 4G2m1m2
(
−1
2
(2γ2 + 1)π + 2
2γ2 − 1
γ2 − 1
)
γ
b20
, B(5)yx = 0 . (B28)
6. Computation of B
(6)
µα
Let us introduce the vectors
ξ = b0 − u−2 τ ′ , η = P (u−1 )ξ = b0 +
√
γ2 − 1τ ′∂y . (B29)
We have then
B(6)µα = +16πGm2γ
∫
dτ ′δu2(τ ′)α
∫
d4k
(2π)3
ikµe
ik·b0
k2
δ(k · u−1 )e−ik·u
−
2
τ ′
= +16πGm2γ
∫
dτ ′δu2(τ ′)α
∂
∂ηµ
∫
d3k
(2π)3
ei
~k·(b0−P (u−1 )u−2 τ ′)
~k2
= +4Gm2γ
∫
dτ ′δu2(τ ′)α
−ηµ
D(τ ′)3
. (B30)
In particular
B(6)xy = −2G2m1m2π
γ2(2γ2 − 3)
(γ2 − 1)
γ
b20
, B(6)yx = −2G2m1m2π
(2γ2 − 1)
γ2 − 1
γ
b20
. (B31)
Appendix C: The general case: computation of Cµα
Let us recall
Cµβ = 16πGm2
∫
u1β(τ)dτ
∫
d4k
(2π)4
ikµ
k2
∫
dτ ′eik·b0ei(u
−
1
τ+δz1(τ)−u−2 τ ′−δz2(τ ′))
= 16πGm2
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′ [u−1 β
(
eik·δz1(τ) + e−ik·δz2(τ
′) − 1
)
+ δu1β(τ)] (C1)
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We will compute separately the following four terms
C(1)µβ = 16πGm2u−1 β
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′eik·δz1(τ)
C(2)µβ = 16πGm2u−1 β
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′e−ik·δz2(τ
′)
C(3)µβ = −16πGm2u−1 β
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′
C(4)µβ = 16πGm2
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′δu1β(τ) . (C2)
1. Computation of C
(1)
µα
We find
C(1)µβ = 16πGm2u−1 β
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′eik·δz1(τ)
= 16πGm2u
−
1 β
∫
dτ
∫
d4k
(2π)3
ikµe
ik·b0
k2
eik·u
−
1
τeik·δz1(τ)δ(k · u−2 )
= 16πGm2u
−
1 β
∫
dτ
∫
dkxd(γ−1)kydkz
(2π)3
i[P (u−2 )k]µe
iP (u−
2
)k·(b0+u−1 τ+δz1(τ))
|P (u−2 )k|2
(C3)
Let us introduce the vectors
ξ = b0 + u
−
1 τ + δz1(τ) , η = P (u
−
2 )ξ , (C4)
such that
P (u−2 )k · ξ = kx(b0 + δzx1 ) + (γ−1ky)[
√
γ2 − 1τ + γδzy1 ]
η = (b0 + δz
x
1 )∂x + [
√
γ2 − 1τ + γδzy1 ]e(u−2 )2 . (C5)
A straightforward computation shows that
C(1)xy = C(1)yx = 0 . (C6)
2. Computation of C
(2)
µα
C(2)µβ = 16πGm2u−1 β
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′e−ik·δz2(τ
′)
= 16πGm2u
−
1 β
∫
dτ ′
∫
d4k
(2π)3
ikµe
ik·b0
k2
δ(k · u−1 )e−ik·u
−
2
τ ′e−ik·δz2(τ
′)
= 16πGm2u
−
1 β
∫
dτ ′
∫
d3k
(2π)3
i[P (u−1 )k]µe
iP (u−
1
)k·(b0−u−2 τ ′−δz2(τ ′))
|P (u−1 )k|2
. (C7)
Let us introduce the vectors
ξ = b0 − u−2 − τ ′ − δz2(τ ′) , η = P (u−1 )ξ (C8)
such that
P (u−1 )k · ξ = kx(b0 − δz2x) + ky[
√
γ2 − 1τ ′ − δz2y]
η = (b0 − δz2x)∂x + [
√
γ2 − 1τ ′ − δz2y]∂y . (C9)
Proceeding as before one finds
C(2)xy = C(2)yx = 0 . (C10)
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3. Computation of C
(3)
µα
C(3)µβ = −16πGm2u−1 β
∂
∂bµ0
∫∫
dτdτ ′
∫
d4k
(2π)4
eik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′
= −16πGm2u−1 β
∂
∂bµ0
∫
d4k
(2π)2
eik·b0
k2
δ(k · u−1 )δ(k · u−2 )
= 8Gm2u
−
1 β
b0µ
b20
. (C11)
Also in this case C(3)xy = C(3)yx = 0.
4. Computation of C
(4)
µα
We have
C(4)µβ = 16πGm2
∫∫
dτdτ ′
∫
d4k
(2π)4
ikµe
ik·b0
k2
eik·u
−
1
τe−ik·u
−
2
τ ′δu1β(τ)
= 16πGm2
∫
dτδu1β(τ)
∫
d4k
(2π)3
ikµe
ik·(b0+u−1 τ)
k2
δ(k · u−2 ) . (C12)
Let
ξ = b0 + u
−
1 τ , η = P (u
−
2 )ξ = b0 + τ
√
γ2 − 1e(u−2 )2 . (C13)
We find
C(4)µβ = 16πGm2
∫
dτδuβ(τ)
∂
∂ηµ
∫
d4k
(2π)3
eiP (u
−
2
)k·(b0+u−1 τ)
|P (u−2 )k|2
1
γ
δ(k0 + γ−1
√
γ2 − 1ky)
= 16πGm2
∫
dτδu1β(τ)
∂
∂ηµ
∫
dkxd(γ−1ky)dkz
(2π)3
ei(k
xb+
√
γ2−1
γ
kyτ)
(kx)2 + (γ−1ky)2 + (kz)2
= 4Gm2
∫
dτδu1β(τ)
∂
∂ηµ
1√
b20 + (γ
2 − 1)τ2
= −4Gm2
∫
dτδu1β(τ)
ηµ
[b20 + (γ
2 − 1)τ2]3/2
= C(4)µx δxβ + C(4)µy δyβ . (C14)
In particular
C(4)xy = 2G2m22π
γ(2γ2 − 3)
γ2 − 1
1
b20
, C(4)yx = 2G2m22π
γ(2γ2 − 1)
(γ2 − 1)
1
b20
. (C15)
We can now proceed summing up all the various contributions (generated by the the first order in h terms of the
metric) entering Λ112, i.e., recalling Eq. (A10)
Λ1(1)2 =
1
2
(Bxy − Byx)− 1
4
(Cxy − Cyx) = B[xy] −
1
2
C[xy] ≡ ΛBxy + ΛCxy , (C16)
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with ΛBxy =
∑6
n=1 B(n)[xy] and ΛCxy = − 12
∑4
n=1 C(n)[xy]. Summing up the various contributions to ΛBxy we find:
B(1)[xy] = +12Gm2
γ
b0
+0
B(2)[xy] = 0 −πG2m1m2
γ(2γ2 − 3)
b20
B(3)[xy] = 0 −πG2m22
γ(2γ2 − 3)
b20
B(4)[xy] = −4Gm2
γ
b0
−2G2m22
(
−1
2
π(2γ2 + 1) +
2(2γ2 − 1)
γ2 − 1
)
γ
b20
B(5)[xy] = −4Gm2
γ
b0
−2G2m1m2
(
−1
2
π(2γ2 + 1) +
2(2γ2 − 1)
γ2 − 1
)
γ
b20
B(6)[xy] = 0 −πG2m1m2
γ3(2γ2 − 3)
γ2 − 1
1
b20
+ πG2m1m2
(2γ2 − 1)
γ2 − 1
γ
b20
(C17)
Similarly, summing the various contributions to −2ΛCxy =
∑4
n=1 C(n)[xy] we find:
C(1)[xy] = 0 +0
C(2)[xy] = 0 +0
C(3)[xy] = 0 +0
C(4)[xy] = 0 +πG2m22
γ(2γ2 − 3)
γ2 − 1
1
b20
−G2m22πγ(2γ
2 − 1)
(γ2 − 1)
1
b20
(C18)
Including the quadratic term ∫ ∞
−∞
dτ
∫ τ
−∞
dτ ′ω1(τ)xβω1(τ ′)βy = −πG
2m2
2
2
γ(4γ2 − 3)
b20(γ
2 − 1) (C19)
and comparing with our previous computations (those using only the 1PM metric), namely
Λ1(1)2 =
4Gm′γ
b0
+
γG2m2
2(2γ2 + 1)π
b20
− 4G2m′2γ (2γ
2 − 1)
b20(γ
2 − 1) [h1]
− 2G2m1m2πγ(γ
2 − 2)(2γ2 − 1)
b20(γ
2 − 1) [δu2]
+G2m1m2π
γ(2γ2 + 1)
b20
− 4G2mm′ γ(2γ
2 − 1)
b20(γ
2 − 1) [δr2]
+G2m2
2π
γ(2γ2 − 1)
2b20(γ
2 − 1) [δu
x
1 ]
−G2m22πγ(2γ
2 − 1)(2γ2 − 3)
2b20(γ
2 − 1) [δu
y
1 ]
− G
2m2
2π
2
γ(4γ2 − 3)
b20(γ
2 − 1) [(ω1)
2]
(C20)
we find complete agreement.
Appendix D: The impact parameter at 1PM order
The explicit calculation showing the relation between
b and b0 uses
Lλ = U
asσǫσµνλ(m1z
µ
1 (τ)u
ν
1(τ) +m2z2
µ(τ ′)u2ν(τ ′))
(D1)
where Uas has been defined in Eq. (3.3). We find Lλ =
Lδzλ = L0 +GδL with
L0 = mb sinhα
δL =
[
m2
√
γ2 − 1(δu2xτ ′ − δz2x(τ ′))
+m1bδu
y
1(τ)] coshα
− [m2γ(δu2xτ ′ − δz2x(τ ′))
+m1(δu
x
1τ − δzx1 (τ))] sinhα . (D2)
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In this expression τ must be replaced by its functional
link with τ ′ implied by the definition of center-of-mass
frame:
Uas · (z2(τ ′)− z1(τ)) = 0 , (D3)
that is
τ =
(
γ0 −
√
γ2 − 1 tanhα
)
τ ′ +Gδτ ′ . (D4)
We see that it is enough to know the relation τ vs τ ′ at
the zeroth order in G, which implies
δL = m1 sinhα[(δu2
x(τ ′)τ ′ − δz2x(τ ′))
−(δux1(τ)τ − δzx1 (τ))]
+m1b coshαδu
y
1(τ) . (D5)
Taking into account that for τ → +∞
S(τ)
D(τ)
τ − S − 1√
γ2 − 1 =
1√
γ2 − 1 +O
(
1
τ
)
, (D6)
we find
δu2
x(τ ′)τ ′ − δz2x(τ ′) =


+∞ −Gm2 1−2γ
2
γ2−1
−∞ −Gm1 1−2γ
2
γ2−1 ,
(D7)
and
δu1
x(τ)τ − δzx1 (τ) =


+∞ Gm1 1−2γ
2
γ2−1
−∞ +Gm2 1−2γ
2
γ2−1 .
(D8)
Moreover,
lim
τ=±∞
δuy(τ) = 0 . (D9)
Taking the limit τ ′ → −∞ gives
L− = m1b0 sinhα+G
(2γ2 − 1)
γ2 − 1 m1(m1 +m2) sinhα
= m1 sinhα(b0 +Gδb) , (D10)
and hence
δb =
(2γ2 − 1)
γ2 − 1 (m1 +m2) . (D11)
Taking the limit τ ′ → +∞ gives exactly the same limit,
i.e.,
L+ = m1b0 sinhα+G
(2γ2 − 1)
γ2 − 1 m1(m1 +m2) sinhα ,
(D12)
in agreement with previous results.
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